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Abstract

We present a continuous-time agency model under mean-volatility joint ambiguity
uncertainties, where both the principal and agent exhibit Gilboa-Schmeidler’s extreme
ambiguity aversion. For this, we extend the martingale method well known in the
agency literature, by allowing not only the mean but the volatility of the outcome pro-
cess to be controlled in weak formulation. Unlike the existing literature, we distinguish
between ex-post realized and ex-ante perceived volatilities. Then we argue that the
second-best contract in general consists of two sharing rules: one for realized outcome
and the other for realized volatility. The outcome sharing is for both uncertainty shar-
ing and work incentives, and the volatility sharing is to align the agent’s worst prior
over ambiguity uncertainties with that of the principal. The optimal volatility sharing
occurs when their worst priors become symmetrized. We show that the realized com-
pensation is positively associated with the realized volatility, and that the sensitivity
to the outcome is negatively related to the perceived volatility.
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1 Introduction

We examine effects of ambiguity uncertainties on the optimal contract under moral hazard.
It is well-accepted that economic future outcomes can be subject to ‘risk’ and ‘ambigu-
ity /Knightian’ uncertainties. Under risk uncertainty, the true probability distribution of
the uncertain outcome is known, whereas under ambiguity uncertainty, the true probability
distribution is unknown.

In the presence of ambiguity uncertainty, the subjective expected utility paradigm pi-
oneered by Savage (1954) and Anscombe and Aumann (1963) implies that a rational eco-
nomic agent who adheres to a certain set of axioms, makes decisions maximizing his ex-
pected utility, as if he subjectively assigned probabilities to all ambiguous events. However,
the famous Ellsberg (1961) paradox indicates that one of those axioms, namely the inde-
pendence axiom, can be frequently violated by real-life thought experiments. Proposed
as resolutions to this paradox in the literature are various modifications of the paradigm
such as maxmin expected utility, Choquet expected utility, and smooth-ambiguity utility
theories.!

We apply Gilboa and Schmeidler’s (1989) maxmin (multiple-priors) utilities to a con-
tracting problem where the principal (she) contracts the agent (he) to manage an asset
under ambiguity uncertainties. Endowed with maxmin utilities, the two contracting par-
ties perceive the ambiguity uncertainties as risk uncertainties under their subjective worst
priors which have nothing to do with the unknown true distribution of the uncertain asset
outcome. Moreover, since their worst priors can be different from each other, it is seemingly
possible that the two different individuals behave as if they were given different information

about the common uncertainties, and decided to ‘agree to disagree.’?

!See Gilboa and Schmeidler (1989) for maxmin expected utility; Choquet (1953), Gilboa (1987) and
Schmeidler (1989) for Choquet expected utility, and Klibanoff, Marinacci, and Mukerji (2005) for smooth-
ambiguity utility theories.

2Epstein and Miao (2003) and Epstein (2001) consider two people with different levels of ambiguity. In
this paper, two people, the principal and agent, face the common ambiguities.



In this paper, however, we show that the disagreement of their worst priors does not
occur under the optimal contract. For this, we introduce to our agency model joint ambi-
guities in the mean and volatility of an Itd process-driven continuous-time outcome.?

It is well known from the existing literature that the volatility of the outcome impor-
tantly affects both risk-sharing and incentives in contracting. In the presence of volatility
ambiguity, however, there are two different volatilities, ex-ante and ex-post volatilities: the
former is subjectively ex-ante perceived and thus noncontractable, whereas the latter is ob-
jectively ex-post realized and thus contractable. Then, one can easily imagine that different
subjective perceptions, if any, can cause inefficiency in contracting, just like information
asymmetry (without learning) can. Thus, the principal may want to look for an extra
contractual arrangement which can help reduce the perceptional difference.

We show that in the first-best contracting, such an extra contract is unnecessary because
the usual standard outcome-based first-best contract alone automatically induces both the
principal and agent to agree, in perception, on the volatility and mean of the ambiguous
outcome. In the second best contracting, however, the outcome-based contract alone cannot
optimally induce the agreement. As a result, the second best contract requires two distinct
sharing rules: one for the realized outcome and the other for the realized volatility.* The
outcome sharing is for uncertainty sharing and work incentives, and the volatility sharing
for symmetrization of perceived risk burdens/premia between the two individuals. The
two sharing rules are represented by their sensitivities, 5; and 6, to the outcome and the

realized volatility, respectively.

30ur joint ambiguity assumption is necessary in order to derive a nontrivial resolution of the disagreement
issue: it shall be seen later that the resolution requires a volatility-sharing scheme as an integral part of
the optimal contract. Note that the issue does not arise in contracting if either the mean alone or the
volatility alone of the outcome is ambiguous, because both the risk-and-ambiguity-averse principal and
agent (automatically) agree on the most pessimistic probability measure for the outcome under the usual
outcome-sharing contract. Chen and Epstein (2002) show that many agents with different concave utility
functions can agree on the most pessimistic probability measure if the set of possible measures satisfies
the rectangularity condition under the mean ambiguity. Epstein and Schneider (2008) consider a volatility
ambiguity case.

4Cvitanié, Possamai and Touzi (2014) also present a similar result from their principal-agent problem
without ambiguity. Our result depends on a completely different economic reasoning from theirs.



We argue that volatility sharing is optimally achieved when the worst priors of the
two contracting parties are symmetrized.’> Differential priors about the volatility would
result in differential risk premia: given an outcome sharing rule 5;, the agent may perceive
excessively high risk from his ambiguity-uncertainty exposure, and demand too higher a
risk premium than, the principal believes, he should. Then, the principal can improve
the contract by using the volatility sharing rule 6; to shift a part of the agent’s perceived
risk burden to herself, until their perceived risk premia are equalized, and so are their
worst priors.® This intuition is reminiscent of the law of one price in financial markets
where investors who find different prices for the same asset trade for profit until the price
discrepancy disappears.

We further show that the optimal 6, is positive: the greater the realized volatility, the
more the realized compensation to the agent. We believe that this result is consistent,
to some extent, with popular executive compensation practices of granting stock options,
in the sense that stock options values are positively associated with realized volatilities.
See Guay(1999), Core and Guay (2002), Coles, Daniel and Naveen (2006) and Murphy
(2012) for positive empirical relation between pay and (total) option Vega, where the Vega
measures the change of the option value per one percentage-point increase in volatility.

The two sensitivities §; and 6; are determined over time based on both static and
dynamic tradeoffs. Static factors such as risk and work aversion, and ex-ante perceived
outcome volatility are well known in the literature. Dynamic factors include not only the
time and state, but the principal’s effective share which we define (in Section 5.2) as the

sum of the following two components: the nominal share 1 — 3;, and an imaginary extra

5 Note that a need for volatility sharing uniquely arises because of the presence of mean-volatility joint
ambiguity uncertainties. Disagreement on the worst prior does not arise in contracting, if either the mean
alone or the volatility alone of the outcome is ambiguous, because given the usual second-best outcome-
based contract alone, both the risk-and-ambiguity-averse principal and agent automatically agree on the
most pessimistic probability measure for the outcome. Chen and Epstein (2002) show that many agents
with different concave utility functions agree on the most pessimistic probability measure under the mean
ambiguity. Epstein and Schneider (2008) consider a volatility ambiguity case.

50ne may alternatively view it as a social planner problem in a two-person world, where the planner uses
the volatility sharing rule to allocate volatility-ambiguity uncertainties between the two parities, in order to
maximize their perceived aggregate welfare.



share ZF. This factor affects the two sensitivities over time: holding static factors fixed,
the greater the principal’s effective share, the higher-powered outcome-based incentives.
In Section 6, we show that the imaginary share is positive (negative, zero), if the outcome
exhibits increasing (decreasing, constant) returns to scale where the case of constant returns
to scale corresponds to the Holmstrom and Milgrom (1987) stationary outcome. Effects of
the imaginary share on the two sensitivities are greatest at the initial date, and converge
to zero at the final date.

This paper is related to the recent literature on contracting under ambiguity uncertain-
ties. Weinschenk (2010) examines linear contracts for a discrete-time contracting problem
under ambiguity between the risk-ambiguity neutral principal and risk-ambiguity averse
agent, but does not consider volatility-ambiguity sharing rules, because of the limitation
of the discrete-time model. Szydlowski (2012) considers a dynamic contracting problem
in the presence of the agent’s limited liability and ambiguity about the agent’s effort cost,
and show that the optimal contract provides excessive incentives. Miao and Rivera (2015)
also consider a continuous-time contracting case, and show that the optimal contract is a
tradeoff between incentives and ambiguity sharing. Both Szydlowski and Miao and Rivera
extend Sannikov (2008) by introducing ambiguity uncertainties into drifts of their out-
comes, but not into volatilities, and that the two contracting parties have heterogeneous
beliefs/perceptions: the agent faces no ambiguity, but the principal has to deal with am-
biguity. In order to examine pure ambiguity effects on the optimal contract without being
complicated by potential information-asymmetry issues, we assume, in this paper, that
the two individuals share homogeneous beliefs about mean-volatility joint ambiguity un-

certainty.”

" After the first version of this paper (2014) under a different title was circulated, Mastrolia and Possamai’s
(2015) work came to my attention. The authors consider an extended version of Holmstrom-Milgrom (1987),
allowing the volatility but not the mean to be ambiguous. They assume heterogeneous ambiguity beliefs
between the principal and agent about the volatility of the outcome process. Then, information asymmetry
and learning problems can simultaneously arise in their model, which can be potentially interesting issues
for future research. In this paper, we avoid these issues by considering homogenous ambiguity beliefs.



This paper is also related to the volatility control literature. Volatility control problems
in continuous-time contracting appear in early papers without ambiguity uncertainties, such
as Sung (1995) and Ou-yang (2003). Both authors manage to solve their problems, because
their problems can be transformed into Markovian volatility control problems as shown in
Schéttler and Sung (1993), and because the realized (ex post) volatility is a predictable
process. We derive a Hamiltonian for mean-volatility control problems in the Appendix,
directly extending Schéttler and Sung. Recently, Cvitani¢, Possamal and Touzi (2014,
2015) examine volatility control issues in strong formulation to derive a path-dependent
Hamilton-Jacobi-Bellman (HJB) equation for a continuous-time contracting problem with-
out ambiguity uncertainties. Epstein and Ji (2013) consider their volatility control problems
with singular measure changes in weak formulation utilizing Peng’s (2006) G-Brownian Mo-
tion. For our mean-volatility control problem, we utilize the control-theoretic method which
has recently been developed in the literature: see for example, Soner, Touzi, and Zhang
(STZ, 2011a,b, 2012, 2013), Nutz and Soner (2012), Nutz (2012a,b), Bouchard and Nutz
(2012), and Pham and Zhang (2014).

The rest of the paper is organized as follows. Section 2 describes the continuous-time
contracting model with the outcome subject to mean-volatility joint ambiguity uncertain-
ties. Before starting the analysis of the model, in Section 3, we narrow down, without
loss of generality, the class of admissible contracts to a manageable subclass. Then, we
start the analysis from Section 4, by presenting the first-best solution as a benchmark,
and examine details of the second-best case in Section 5, where we show that the optimal
contract depends not only on the outcome but on its quadratic variation, and that the
most pessimistic priors of the two contracting parties are symmetrized. Section 6 provides
an example using a linear-quadratic case with its joint-ambiguity parameters lying in a
quadratic set. Finally, we summarize the paper in Section 7. The Appendix contains most

of proofs and the martingale method for mean and volatility controls.



Notation.

Y: the outcome or coordinate process of Q(C (0, 1]), such that Y;(w) = we, Yw € Q.
P: the family of admissible singular and equivalent probability measures.

P°: the subfamily of amissible singular measures.

{F:}, {Fi}: resp., the natural filtration generated by Y, and the universal filtration defined

in Section 2.

(u,v): wand v, resp., are tuples of control and ambiguity parameter processes. In Sections

Al and A2, uy € R™ and v; € R™. In the text, uy = ¢, € R and vy = (g, 1) € R2.

(1, v), (p,v): resp., ex ante perceived, and ex post realized /true ambiguity parameter pro-

cesses.
U, D: subsets of R™ and R™, resp., for u; and v for each ¢.

U(Y), Di(Y): time-state dependent subsets of U and D, resp. In the text, U;(Y) = U and

Dy(Y) = {(pe, ) € D|m(pe, v, 8, Y) > 0}

U , D: classes of ﬁp—progressively measurable control and ambiguity-parameter processes,

uw and v, resp., with their values (u¢, v¢) € U x D for each t.

UL, D}: subclasses of U and D, resp., with (us,v,) € Us(Y) x Ds(Y) where s € [t,1]. For

brevity, Ut = U and D} = D.
f(u,v,.), o(u,v,.): resp., drift and diffusion rates of ¥ under P*" (& P).
®, ¥ : classes of admissible f and o, resp.
Q°(C Q): a collection of all sample paths of Y with d(Y;) = o2dt.

HA, HP, H°: resp., Hamiltonians for the agent, the principal, and a general case.



]L}): L};—closure of bounded uniformly continuous functions on ).
U, U: classes of admissible contracts, defined in (2) and (9), resp.

B, 02 resp., outcome- and volatility-sharing sensitivities at time ¢.
2 The Model

We introduce ambiguity uncertainty to the standard continuous-time agency problem with
one principal and one agent, whose preferences are represented by constant absolute risk
aversion with their CARA coefficients given by vp and 74, respectively, where vp,v4 > 0.
The time horizon of interest is the unit interval [0, 1]. The principal has an asset in place
which will produce a cumulative monetary outcome of Y; at time ¢(€ [0,1]). The agent has
expertise to manage the asset, and considers entering into a contract with the principal.
His reservation utility is —exp (—y4Wy), where Wy € R. At time 0, both the principal
and agent sign a contract S subject to the participation constraint which requires S to
guarantee, at the least, the agent’s reservation utility. The contract specifies how the two
contracting parties share the outcome, as a function of objectively verifiable information
based on the whole history of the outcome, Y = {Y;;t € [0,1]}. After time 0, the agent
exerts effort to improve the probability distribution of the outcome process Y. Both the
principal and agent observe the whole history of Y as it realizes.

The uncertainty of the outcome Y is characterized by the filtered probability space
(Q, F,{F:},{P € P}), where Q is the space of all continuous functions on [0,1] with each
function starting at zero, i.e., Q := {w € C[0,1] |w(0) = 0}; {F;} is the universal filtration,
Fi=F , and P is the admissible family of probability measures, including singular mea-
sures. The probability space is the common knowledge between the principal and agent,
i.e., there is no asymmetric information.

We assume that the universal filtration satisfies the set of properties listed in STZ

(2011a, Definition 2.2). The filtration is constructed as follows. Let {F;} be the natural



filtration generated by Y, and F;" = (., Fs. Also let 7 = FF v NFP(F), for each

P € P, where
NP(FH = {A € Q| there exists A € F;" such that A ¢ Aand P(A) = O} .
Then the universal sigma algebra at time ¢ is

.7:—7) = ﬂ (]:thNP)’

pep

where NVp(:= Npep N (F1)) is the collection of so-called P-polar sets, each of which is
a null set for all admissible probability measures. The universal filtration {]:"t}(z {]:-tp 19
is necessary for each admissible stochastic process to be well-defined not only on its own
support of the probability measure, but on its null sets where other admissible (singular)
probability measures live.

The family P is constructed by expanding the subfamily P of (partially or completely)
singular measures, with absolutely continuous measures to each singular measure in the
subfamily. Those singular measures are constructed by partitioning 2 by the quadratic
variation (QV) of each sample path, and by endowing each partition 27 with a Wiener
measure P? as in Lemma A.1. Then, we use the Girsanov Theorem to generate absolutely
continuous measures with respect to each P?(€ P?°). See the Appendix for details.

Each admissible measure P*"(€ P) is indexed by the agent’s effort process e and the
pair v of uncertain/ambiguious parameter processes (p, ). Let U and 15, respectively, be
the classes of all ]:"P—progressively measurable control and ambiguity-parameter processes
such that e(e U) : [0,1] x Q@ = U(C R) and v(= (u,v) € D) : [0,1] x Q@ = D(C R X R4),
respectively, where R is the strictly positive part of the real line. Let D(Y) := {(u,v) €
D|7(u,v,t,Y) > 0}, where m: D x [0,1] x © — R is continuously differentiable in (u, ).
Also let D := {v € D|v(t,Y) € Dy(Y),t € [0,1]}. Then D is a subclass of D constrained

by Di(Y) for all t. We assume that both U and D(Y) for all ¢ are compact and convex



with nonempty interiors.® Throughout the paper, the pair of arguments (¢,Y) denotes
(t,{Ys,0 < s <t}).
Under each P%" € P, the outcome (or the coordinate) process evolves according to the

following scalar-process dynamics:

dY; = f(et,ﬂt,yt,t,Y)dt—|—0’(l/t,t, Y)dBtem, (1)

with Yy = 0, where By’ is a P%"-standard Brownian Motion (BM). The drift and diffusion
rates, f and o, respectively, are members of classes ® and X of nonanticipative functionals,
which are defined in Assumptions A.1 and A.2 with u = e and v = (u,v). In partic-
ular, the class 3 satisfies the uniform Lipschitz continuity property. As can be seen in
the Appendix, admissible conditional probability measures, P, and Pf/’v/, are mutually
absolutely continuous if o5 = of, for all s € (¢,1], and mutually singular if o5 # ol all
s € (t,1].

The agent is allowed to privately choose effort e(s,Y), incurring a cumulative private
monetary cost of fot c(es, s,Y)ds up to time ¢, where c is also a nonanticipative functional.
Furthermore, we assume that f, o and ¢, are continuously differentiable in (e, u, v), v, and
e, respectively, that both f and c are strictly increasing in e, and that o is strictly increasing
in v. We let ¢, and f. denote partial derivatives of ¢ and f, respectively, with respect to e.

Also let v(€ D) be the pair of the true parameter processes (u,v). Given (e, S), if P¢?

were known, then the agent’s expected utility would be

B0 |~exp{ - (5 1 ctent. vt )}

s.t. dYy = f(et,ut, vy, t, Y)dt + O'(Vt, t, Y)dBte"v,

where E%? is the expectation operator under probability measure P%Y. However PV is

unknown/ambiguous, except that P¢Y € P.

8This condition is to satisfy the Karush-Kuhn-Tucker (KKT) constraint qualification conditions for
almost all ¢ € [0,1]. See, for instance, Takayama (1985) or Bazaraa, Sherali and Shetty (2006) for the
constraint qualification conditions.



We assume, as suggested by Gilboa and Schmeidler (1989), that both the principal and
agent are risk-and-ambiguity averse with maxmin utilities. In particular, given a contract

S, the agent chooses (e, v) to solve the following problem:

1
sup inf £ [— exp {—’yA <S —/ c(et,t,Y)dt> H
ecld V€D 0

st dYy = f(et, pe, 1, 6, Y)dt + o (14,1, Y)d By .

It is well known that the case of a risk-neutral agent is the limiting case of this problem
with 74 | 0. Given this maxmin utility and effort process e, the agent chooses the worst
prior P4V (¢) where v*(e) = (u*(e), v*(e)). Under each prior P®?, the agent behaves as if
the QV, d(Y};), were equal to o2(v,t, Y )dt with probability one, even though he knows that
o%(v,t,Y) bears no relation to the true o?(v,t,Y). In this paper, we call 02(v,t,Y) the ex
ante perceived QV (density) under prior PV, and o?(v,t,Y) the ex post realized QV.

As is the case with the perceived o2(v,t,Y), the perceived u(t,Y) is unlikely to be equal
to the realized p(t,Y) which in turn conveys zero information about u(t + dt,Y’). That is,
brand-new ambiguity uncertainties on both mean and volatility keep arising continuously
over time. Thus, neither the future mean nor the future volatility can be predicted through
Bayesian learning. This is in agreement with the typical and implicit assumption in the
ambiguity literature that ambiguity uncertainties are “generated by hard to interpret, am-
biguity signals” continuously over time.® See Chen and Epstein (2002), and Epstein and
Schneider (2010) for explanation of ambiguity aversion without learning.

On the other hand, the principal chooses S from the admissible class ¥ to maximize

inf E® [—exp{—vp (Y1 = S5)}],

9n other words, at each time ¢, the outcome and its volatility ambiguity uncertainties up to time ¢, i.e.,
{(s,Ys,0(v,s,Y));s € [0,t]}, are completely resolved, but the resolution provides zero information about
future ambiguity uncertainties, i.e., {(s,¥s);s € (¢,1]}. One may imagine that, at each time ¢, time-t
‘ambiguity urn’ determining (u:,v:) is completely revealed and replaced with a brand-new ‘urn’ for time
t + dt. Consequently, neither (u¢,v:) nor (Witde,Ve+qr) has anything to do with (u¢,v:), and the agent
simply chooses the worst pair of (u¢,v+) based on information up to time ¢, {(s,Ys);s € [0,t]}, regardless
of {(ps,vs) : s € [0,t]}. Note that this consequence is directly from the definition of the ambiguity in the
literature, and has nothing to do with the singular change of measures.

10



subject to appropriate constraints. The precise statement of the principal’s problem shall
be given, as we proceed. We assume that the admissible class W of contracts consists of

FT-measurable sharing schemes S’s as follows:

w::{s

where }L71; is the L%;—closure of bounded uniformly continuous functions on 2. See Nutz

S is ]:T—measurable, and under all P¢Y € P, } @

—exp {—7,4 (5’ - fol cle, t, Y)dt)} elL}

(2012b, Section 4) for the definition of L}.
Before proceeding to the analysis of our contracting problem, let us define the agent’s
and principal’s Hamiltonians H4 and H constrained by Dy(Y), respectively as follows:

for (e, (1, v),p1,p2,t,Y) €U X Di(Y) x R x R x [0,1] x Q,
He, p,vipr,pa,t,Y) i= —cle, t,Y) + ale; p, v p1,pa, 1, Y), (3)
and for (e, 3,0, (u”,v7),p,t,Y) € U x R? x Di(Y) x R x [0,1] x Q,
H (e, 8,0; " w75 p,t,Y)

= —c(e,t,Y) +op(e, 3,0 u",v7ip.t,Y)+  min  ga(e;p? v 8,0,4Y). (4)
(pApvA)eDy(Y)

Also let
. . — YA 52 2
SDA(@, 122 V,B,e,t,Y) L Bf(evua Vata Y) - (?B - 9) o (I/,t,Y) (5)
QPP(675>9;M7 V;p>t7Y) = (1 _B—i_p) f(e,u, Vat7Y>

— [0+ =B+ Pt Y), (6)

HOP (e, B,0; uf vP;p, 1Y)

_ Ce(eyt’y)
st 8= gy

HY (e,0; 17,07 p,t,Y) =

Assumption 1 Ezistence of saddle points.*°

i. For each (p1,p2,t,Y) € R x R x [0,1] x §Q, there exists a saddle point (e}, u;,v))
such that for all (er, (ne,vr)) € U x Dy(Y), HA(er, pif,vf,.) < HAef, uf,vf,.) <

HA(G:aHt, U, )

198ee Sion (1958) and Rockafellar (1970) for minimax theorems.

11



ii. Foreach (p,t,Y) € Rx[0,1]x$, there exists a saddle point (ef, 5;, 0f, uf, v{) such that
fOT all (ehﬁtaet? (Mtth)) € UXR2XDt(Y): Hp(etaetaﬂ;tkayt*a ) < HP(efﬁf’M?,ny ) <

Hp(e;fkvezkaﬂtvyta )

iii. For each (p,t,Y) € R x [0,1] x Q, there exists a saddle point (e}, B, 05, i, vy)
such that for all (er, B, 0, (s, 1)) € U x R? x Dy(Y), H(es, Br, 01, i, vf,.) <

HOP(e;fk?ﬂ;?‘g?vM;aV;{a-) S HOP(€?>B:79;aMt>Vt7')'

It shall be shown later that H4 and HY, respectively, are related to the agent’s and
principal’s second-best certainty-equivalent (CEQ) wealth levels; and H 0P to that of the
principal’s first best. The CEQ is defined in (A.11). Given the above formulation, a general
method to deal with the principal’s and agent’s problems is developed in the Appendix,

and utilized in the next sections.
3 Representation of Admissible Contracts

We start the analysis of our contracting problem, by narrowing down the original admis-
sible class ¥ to a manageable subclass ¥ without affecting the principal’s utility, as seen
frequently in the standard continuous-time contracting literature, where ¥ shall be defined
shortly. Let W% (€ R) be the CEQ wealth level of the expected utility the agent achieves

with an arbitrary choice of (e,v) given S € ¥, where v = (y,v). Then,

1
—exp (—’yWS’e’”) = E%Y [— exp {—'yA (S - /0 c(es,usus,s,Y)ds> H .

A comment is in order. For control problems with singular measures, an important
concept is the quasi-sure (q.s.) measurability, which is defined by Denis and Martini (2006)
and STZ (2011a): a property is said to hold P-q.s., if it holds for all P € P, a.s.. Since P is
an enlarged version of P? with absolutely continuous measures, each of which is dominated

by a member in P?, if a stochastic property holds P°-q.s., then so does it P-q.s..

12



Theorem 1 Given a contract S € V, suppose that the agent arbitrarily chooses admissible
(e,(u,v)) €U X D. Then, there exists a unique P°-q.s. square integrable processes, ([, 0;)

such that S can be represented in the following form: P°-q.s.,'t

1
S = WS767’U +/ {C(et,t, Y) - /Btf(eta Kt Vtata Y) + [V?A/BE - 0tj| 02(Vt7t7Y)} dt
0

+ /0 vy + /0 ' puavi (8)

If 0; were set to zero for all ¢, the representation (8) of the salary scheme S would be
identical to that of Schittler and Sung (1993). Recall that d(Y;)(= o?(vy,t,Y)dt) is the
realized QV, whereas o%(vy,t,Y)dt is the agent’s ex-ante perceived QV under his worst
prior. In the absence of volatility ambiguity, o2 (v¢,t,Y) = 0%(v4,t,Y), a.s., and thus the
dependence of S on the realized QV would be unnecessary. The salary scheme (8) implies
that fol 0;(c%(ve,t,Y) — 0?(14,t,Y))dt is an extra amount the agent demands in addition
to the standard salary which he would be paid without ambiguity uncertainty. Of course
this extra amount can be positive or negative depending on the realization of o(vy,t,Y).
In both the first- and second-best contracting cases, Theorem 1 suggests that, without
loss of generality, the principal can only consider the following subclass ¥ of contracts which

satisfy the agent’s reservation utility:

U :={S € U|S in the form (8) with WS =Wy} . (9)

Then, the principal chooses a contract S from ¥ by choosing a set of processes (eq, fit, Ve, B, 01),

subject to appropriate constraints.
4 First-Best Contracting

Recall that given contract S, the agent chooses his effort e € U and prior (u?,v4) € D

for the ambiguity uncertainty. In the first best, the principal instructs/forces the agent to

' A similar class is also considered in Cvitanié¢, Possamai and Touzi (2014) who examine volatility control
issues in their principal-agent problems without ambiguity uncertainties.

13



choose a specific effort process. Such a forcing contract is possible, perhaps because the
agent’s effort choice can be verifiably observed/perfectly monitored. However, the agent’s
choice of a prior may not be forced, as it is a matter of private perception. Thus, the

principal’s problem can be stated as follows.

Problem 1 (First-best contracting.) Choose a contract S by solving the following problem.

su inf E°"P[—exp{-—yp (Y1 -8
s TPy i B o (=S
(wt, v eD

s.t. (i) dYy= fles, ul vl t,Y)dt + o(v],t,Y)dB{ """,

@ 6t s gt 5 o (o (5= [Letena) |

(,0)ED

s.t. dYy = f(ey, i, 0,8, Y)dt + (0,1, Y)dBL”,

(ii]) Eev {_ exp {_M (s _ /0 1 c(et,t,Y)dt) H > —exp (—aM)

where vy = (u?, v4) and vp = (uf’, vF). Constraint (ii) allows the agent to choose his worst
pair of ambiguity parameter processes. Constraint (iii) is for his participation. As usual,
we assume that if one contracting party is indifferent among many choices at optimum,

then he/she chooses the one that is most favored by the other party.

Theorem 2 (First best.) Assume that ya, yp > 0, but y4 and yp are not simultaneously
zero. Also assume that min,, pa(e;p,v;.) exists for each e, and that Assumption 1-iii
holds.'2 Suppose that the optimizers for the principal and agent, (eq, 0y, ul’ , vl) and (ui', v
lie in the interiors of their respective domains, for all t € [0,1]. Then, in the first best, the

worst priors of the principal and agent are symmetrized such that (ui',v) = (uf’,vf) =

(us,vf) € Dy(Y). Moreover, there exists a unique P°-q.s. square integrable process ZP¥

121f 44 = p = 0, then one can show that there are infinitely many optimal contracts with their sensitiv-
ities B¢’s to the outcome being any numbers between 0 and 1, for ¢ € [0, 1] a.e., and that the worst priors of
the two parties are still equalized.
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such that

1
(/1’§7V150)€ min f(etaljhﬂatay)_iﬂ

1 ZOP 2= LY 10

and that the first-best optimal contract S is given as follows: P°-q.s.,

1 1
S = WO +/ (C(et7t7Y) - 6tf<6t,M§,Vtc,t,Y) + fy?A t202(ytcat7y)) dt + / 5tdy;fa (11)
0 0

€ 7t’Y
whe’r‘e ,315 = 'YAY'YP (1 -+ ZtOP), cmd 1 -+ ZtOP = W.

The structure of the optimal contract (11) indicates that 8; and 1 — [3; are, respectively,
the agent’s and principal’s instantaneous nominal shares of the outcome Y. In addition
to her nominal share 1 — 3, the principal perceives an imaginary extra share, Z)¥', which
is in fact the sensitivity of the CEQ of her expected remaining utility to the outcome
process. If ZP¥ # 0, then the principal effectively perceives the quantity, 1 — 8; + ZP7, as
her instantaneous share of the outcome.!® If Z?¥ > (<)0 at optimum, the last statement
of the theorem, c./f. = 1+ Z?¥, implies that the marginal cost of effort c. is greater
(less) than the marginal product f.. This deviation from the rule of “marginal product
of labor” occurs, because current effort can affect not only current production, but future
productivity. A similar process like ZtOP also appears in the second best in the next section,
where we discuss in more detail.

Theorem 2 further indicates that the first-best contract, as usual, requires an outcome(-
ambiguity uncertainty) sharing rule fol BtdYy, but it does not require an extra sharing rule
for volatility-ambiguity uncertainty. The reason is that the outcome-sharing rule alone
symmetrizes overall exposures of the two parties to ambiguity uncertainties in terms of
both the outcome and its volatility, with their risk aversion taken into account.

To see this, recall that the first-best contract is to optimally allocate the outcome

uncertainty between the two parties. The outcome uncertainty is optimally shared when

3For the agent, his nominal and effective shares turn out to be optimally the same. See footnote 15.
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marginal dollar-risk premia perceived by the two parties on their respective payoffs are
equalized, with risk aversion taken into account. Note that the principal’s and agent’s
effective exposures to the uncertainties, are v43;dY; and vp(1 — B; + Z?¥)dY;, respectively,
which are equalized if 5; is given as in Theorem 2. With the already equalized exposures,
the two parties demand the same dollar-risk premia, which implies their worst priors are
symmetrized without necessity of an extra volatility-sharing rule.

Consequently, the structure of the first-best contract under ambiguity uncertainties
remains the same as that of the standard first-best contract under risk uncertainties, except
that commonly perceived parameter-pair process (uf, vf) has to be distinguished from true
parameter-pair process (f;,v¢). In the second best, however, the joint ambiguity alters
the well-known structure of the standard second-best contract, as is to be seen in the next

section.
5 Second-Best Contracting

In the second best, the agent privately chooses not only his worst prior P but effort

process e. Taking into account his responses, the principal chooses a contract S as follows.

Problem 2 (Second-best contracting.) Choose a contract S by solving the following prob-

lem.

su inf E®P[—exp{—-yp (Y1 —-S
I
(wh, v eD

s.t. (i) dYi= fle,u” w0 t,Y)dt + oV, t,Y)dB{"",
1
(i) (e,uA,VA) € argsup inf E®? {— exp {—’yA (S —/ c(ﬁ,t,Y)dt) }]
ecu (1,0)€D 0

st dYy = f(é i, 0,t,Y)dt + o (0,1, Y)dBS

ity g |-em{ - (s [ 1c(e,t,Y)dt>H > — exp (—7aW)
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The second constraint is for the incentive compatibility to allow him to privately choose
both effort and a prior. The third is for the agent’s participation. We make the usual
assumption that given many indifferent choices, each party chooses one in favor of the

other party. By Theorem 1, we also replace ¥ with U, without loss of generality.
5.1 Agent’s Problem

Given a contract S € ¥ in the form of (8) with (e*, u*,v*), the agent may decide to choose
(e, p,v), instead of (e*,u*,v*). This possibility raises the well-known implementability
issue. We say S[e*, u*,v*] is implementable if, given the same S, the agent chooses the
same (e, u*,v*).14 Suppose that the agent is given a salary function S[e*,u*,v*]. Then,
his problem at each time ¢ is to optimize his expected remaining utility for unrealized future

compensations as follows:

1
sup inf E;" [— exp {—'yA </ {—cles, s,Y) — HA(e:,u:,V;‘;BS,Gt,s,Y)} ds
t

ectt} (nv)€D]
1 1
+ / B,d(Y7) + / ﬁdes> H
t t

s.t. dYs = f(es, s, Vs, 8, Y)ds + o(vs, s, Y )dB",

where U} and D} are, respectively, U and D restricted to period [t, 1], and H 4 is the agent’s

Hamiltonian (3), i.e.,
HA = —c(e,t,Y) + Bef(e, pu, v, t,Y) + (9,5 — 7%,6}) o?(v,t,Y).

Theorem 3 Suppose that Assumptions 1-i and -ii hold. Given a contract S € ¥ with
admissible (e}, (u},v}); (B, 0:)) € U x Dy(Y) x R, for all t € [0,1], the agent chooses

(e, v7) if and only if

(e}, ui,vp) € argmaxmin HA(&, 1, 0; By, 0,1, Y). (12)

e v

'4Gee Schittler and Sung (1993, Definition 4.1) for the definition of implementable contracts.
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That is, the contract S € VU with admissible (e, (uf,v}); (B, 0:)) € U x Dy(Y) x R? for all
t € [0,1] is implementable if and only if (e}, (u},v})) is a saddle point of H given (B, 6;).
Moreover, given an implementable salary function in U, the agent value function/optimal

expected remaining utility V; is constant over time: in particular, V; = — exp(—yaWo).

Theorem 3 simplifies the agent’s incentive compatibility condition to the problem of choos-
ing an effort level e to maximize —c+ A f, and a prior (u, v) to minimize ¢4 (e; u, v; 3,60,t,Y).
The maximization part is familiar from the existing literature, and it immediately implies

the following.

Corollary 1 If the optimal e; lies in the interior U, then By = %

Theorem 3 also states that the agent’s optimal expected remaining utility at each time
t for unrealized future compensations is constant over time. Intuitively, the constant re-
maining utility is related to the well-known no-wealth effect with exponential utility. See
Schéttler and Sung (1997). This result turns out to be useful for intuitive understanding

of the agent’s dynamic decisions in general under the optimal contract. See footnote 15.
5.2 Principal’s Problem

The principal is only concerned with implementable contracts in ¥, because of the following

reason.

Proposition 1 Suppose that Assumption 1-i holds. The principal does not gain by consid-

ering non-implementable contracts in V.

Intuitively, for a nonimplementable contract in ¥, the principal can always find, at a lower
cost to herself, an implementable contract which induces the agent to make same decisions
4

on (e, p, ). Hence, Theorems 1 and 3, and Proposition 1 allow the principal to replace,

without loss of generality, both the original class ¥ subject to the two constraints (ii) and
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(iii) in Problem 2 with the subclass ¥ subject to (12). This simplification leads to the

following result.

Theorem 4 Suppose that Assumptions 1-i and -ii hold, that ¢ is convex and f is concave
in e, and that the optimal e; lies in the interior U, for all t € [0,1]. Then, there exists
a unique P°-q.s. square integrable process ZtP such that the principal’s optimal decision

(es, ud, vt ul vl 0;) solves the following problem for all t € [0,1]: P°-q.s.,

max min — (e, t,Y) 4+ op(e, 0,5l oF ZzP 1Y)
e,0r (af ,oF)eDy(Y)
+oa(ii, v &, B, 04,1, Y) (13)
> Ce(étytvy)
s.t. ﬁt = — — s (14)
fe(etvufvyiAamY)
(ﬁf? ﬂtA) € arg min @A(étmaa ﬁ; Q_twgtata Y)> (15)

(10)€D(Y)

where (uf,vl) and (ui',v{') are, respectively, the principal’s and agent’s worst ambiguity

parameter pairs. Moreover, the contract S(€ W) with {(es, uit, v{, Br, 04)} is optimal.

The principal’s Hamiltonian (13) represents her instantaneous CEQ gain, where the process
ZtP results from the martingale representation theorem applied to her expected utility

optimization. For ease of interpretation, let us rewrite the Hamiltonian in full as follows:
& 3 - P = 2 - _
—c(ent,Y)+ (1 -5 —i—ZtP) fE, nl ol 1Y) — [% (1-B+ Zf) -1-94 2ol t,Y)
B, f(e,. it oA e Y) — (TA82 —0,) 25 1Y
+Btf(et>,utvytvv ) 26}5 t U(t77 )

As noted in the first-best case, the process Z/ is the sensitivity of her CEQ to instantaneous
changes in the outcome process, and thus the principal recognize ZtP as an imaginary extra
share of the outcome. (See equation (A.16).) If ZF > 0, then the marginal outcome is
positively correlated with her marginal CEQ. (See Proposition 2 for an example where

ZFP > (<,=)0 if the asset/outcome exhibits increasing (decreasing, constant) returns to

scale.) Then, the principal dynamically perceives, in effect, as if her instantaneous outcome
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share were (1 — B; + Z[), rather than her nominal share (1 — £;), whereas the agent’s
effectively perceived share is the same as his nominal share, 8;.1> Hence we call 1 — 3; + Z
the principal’s ‘effective share’ of the (instantaneous) outcome.

Next, we examine the general structure of the optimal volatility-sharing rule. The prin-
cipal’s choice of 6; affects both her own and the agent’s exposures to volatility uncertainty,
as the structures of pp and ¢4 suggest. Dollar-risk premia/burdens against overall uncer-
tainty exposures at each instant are [22(1— B+ Z[)* + 6;] 02(v}",t,Y) to the principal
and [77"‘53 - Ht] o?(v{'t,Y) to the agent. For period (t,¢ 4 dt], her promise to transfer
to him a realized dollar amount of 6;d(Y;) at time ¢ + dt reduces his volatility-uncertainty
exposure at time ¢t. The expected time-t value of this amount is QtJQ(VtP ,t,Y)dt to the
principal, and 6;0%(v{,t,Y)dt to the agent.

If 6, is set to %‘ﬁf, then the agent is induced to behave as if he were risk neutral,
ignoring volatility uncertainties, and the principal behaves as if she alone had to take all
volatility ambiguity uncertainties. If 6; is set to —2(1 — f; + ZP)2, then it is now the
principal that behaves as if she were risk neutral, and the agent that behaves as if he had
to take them all alone. Neither case can be optimal to the principal, and she would like
to strike balance between his and her ambiguity exposures by choosing 6;. As a result, the
optimal contract comprises both outcome- and volatility-sharing rules with corresponding
sensitivities (5, 60;) to the realized outcome and volatility, respectively.

In the following theorem, we show that the volatility-ambiguity uncertainty is optimally
shared, when 6; is set in such a way that the agent is induced to choose the same worst

prior as that of the principal.

Theorem 5 Suppose that assumptions for Theorem 4 hold, and that the optimizer

15 One may wonder if given S, the agent also effectively perceives his outcome share as 8; + Z{* in general.
This is true in general. However, if S is given in the form of (8), Theorem 3 tells us that the agent value
function/expected remaining utility is constant over time, and thus Z# = 0. That is, his nominal and
effective shares of the outcome coincide with each other, at 8:. Roughly, the reason is that the agent’s
current incentive [3; rewards not only long- but short-term effects of his current effort on the outcome.
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(eq, it v, u vl 0y) lies in the interiors of their respective domains, for all t € [0,1].
Then, the worst priors of the two contracting parties are symmetrized such that (uf, 1/{4) =
(uf vlP) = (u§,v§). Under the symmetrized prior, there evists a unique P°-q.s. square
integrable process ZF such that the optimal outcome- and volatility-sharing sensitivities

Be,0:) and the common prior (us, v¢) can be expressed as follows.'6
My Vi

_ Je +7P/Be(o'f)2
fe + (’YP + ’YA)ﬁe(o'tC)Q

1
6= 5y 77y P O+ 20 (e = (L= e+ 20)) 2 0, (a7)

B (1+2)), (16)

— Q CE(etytvy)
where fe = 3¢ (fe(et,uf,uf,t,Y)>’ and

¢ V) e i 1+2zF fie, 01, 8, Y
(ug,vi) € arg (ﬂ,ﬁ])aeHDnt(Y)( + Z; ) f(et, i, 0 7)

- % (vaBi +vp(L = B+ Z[)?) o (0,1, V7). (18)

Moreover, 0 < 8, <1+ ZF.

Remark: Ify4 = 0, then §; = 1+ 2 and §; = 0; and if y4 > 0, then 0 < 22— (1+2]") <

Bi <1+ ZF and 6; > 0.

The outcome-sharing sensitivity 3; in the form (16) distinguishes itself from that of the
Holmstrom-Milgrom (1987) stationary case, in the following two aspects: (i) of is endoge-
nously determined through (18), and (ii) the multiplier (1 + Z[) is required for dynamic
consideration. If marginal changes of the principal’s future expected utility and those of
the outcome are positively (negatively) correlated such that ZF > (<)0, then the optimal
outcome-sharing rule provides the agent with a higher-powered (lower-powered) work in-
centives than the one predicted by the stationary case where ZtP = 0. For example, see

Proposition 2.

161f there were no mean ambiguity, then one can show that a volatility sharing rule is optimal as long as 6,
lies in the interval [— 22 (1— 5, +2Z)2, 'YTA/BZ]. That is, 6; can optimally be set at zero, and thus the presence
of a volatility sharing rule is not necessary for optimal contracting. This observation is consistent with the
statement in footnote 5, “Disagreement on the worst prior does not arise in contracting (even without a

volatility sharing rule), if either the mean alone or the volatility alone of the outcome is ambiguous.”
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It is striking that the optimal volatility sharing rule symmetrizes the worst priors of the
two contracting parties. The intuition for this result is as follows. Given an outcome-sharing
rule, the equally ambiguity-averse principal and agent could perceive the most pessimistic
prior over mean-volatility ambiguity uncertainties differently from each other, because of
differences in payoff structure and risk aversion. Differential priors for the volatility would
then result in differential risk premia even on identically uncertain payoffs. If the principal
perceives a lower (higher) risk premium under her worst prior than the agent does under
his worst prior, she would like to improve the contract by lowering (raising) his risk burden
until the risk premia individually perceived by themselves are equalized. She achieves the
equalization by choosing 6; as in (17), under which their minimands ¢p and ¢4 differ only
by a scale factor, and thus their worst priors are equalized, and so are their risk premia.'”

Consequently, the optimal volatility-sharing rule in general stipulates that the two con-
tracting parties share the total risk premium or the sum of their individually perceived
risk premia, in proportion to their effective outcome shares (3;,1 — 3; + Z/'). Recall that
perceived marginal expected-dollar payoffs from an instantaneous change in the outcome
are f3; fdt to the agent, and (1 — 3, + Z[) fdt to the principal. Also, recall that risk premia
perceived by the principal and agent are RPY := [12(1 — 8, + ZF)? + 6,] o?(v}",1,Y) and
RPA = [%“Bf — Ht] Uz(ug“,t, Y'), respectively. The optimal volatility-sharing rule occurs
as the principal’s and agent’s perceived risk premia per their expected dollar payoffs are
equalized, i.e., RPT/((1 — By + ZF)f) = RPA/(B.f).

Mains results from the principal problem, thus far, can be summarized as follows: (i) the
optimal contract consists of two sharing rules, one for the usual outcome sharing and the
other for volatility sharing; (ii) the worst priors are symmetrized, and the volatility-sharing

rule equalizes perceived risk premia per expected dollar payoff across the two contracting

17Given that the main concern in optimal contracting is to align interests of the two contracting parties,
one can conjecture that the symmetrization result is generalizable to other types of ambiguity and utility
functions. This issue remains to be of interest for future research.
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parties under the common worst prior; (iii) the principal dynamically perceives, in effect,
her outcome share as (1 — 3; + Z[), rather than (1 — 3;); and (iv) the first-best volatility-
sharing sensitivity is zero, whereas that for the second best is strictly positive, for v4 > 0
and yp > 0.

Even with the unspecified process ZtP , the above analysis has produced most of economic
insights into effects of joint-ambiguity uncertainties on our principal-agent problem. In the
next section, we provide an example where one can explicitly solve for Zf with the well-

known dynamics programming method.
6 A Linear-Quadratic Case

We consider a special case of the linear-quadratic Markovian moral hazard model examined
in Schittler and Sung (1997), and extend the case by introducing joint ambiguity to it.!'8
Assume that c(e) = (k/2)e? for e, x > 0, and that the gross profit of the firm is driven by

the following dynamics:
dYy = Yy + er + pue)dt + ndB}"", Yy € R,

where n € R, and v > 0. If n > (<) 0 exhibiting increasing (decreasing) returns to scale,
then the greater the outcome, the higher (lower) the production efficiency.
Let 0 < p <mand 0 <y <7and a > 0. Also assume that the mean-volatility joint

ambiguity parameter set D is given by

D ={(nv) € wpl x 7] [r=p- S =" = 0}.

This constraint set is a slightly modified version of ‘the quadratic ambiguity’ introduced

by Epstein and Schneider (2010) and Epstein and Ji (2013): the smaller the coefficient «,

1811 order to compute Z for non-Markovian cases, one may consider the dynamic programming method
by Cvitanié¢, Possamai and Touzi (2015). The process ZF can also be viewed as a component of the solution
to a second-order backward stochastic differential equation (2BSDE): see Nutz (2012b) and STZ (2012).
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the greater the degree of mean-volatility joint ambiguity. Thus, one may regard 1/a as a
measure of the degree of joint ambiguity uncertainties.
By Theorems 1 and 3, and Corollary 1, it is without loss of generality that the principal

only considers contracts S in the following form:
1
K . .
S =Wy —I—/O {265 — rei(nY: +€;) — min [Het,utA - (Emzef Ht) (Vf‘)ﬂ } dt

(f,0)EDy 2
1 1
+/ th<}/t>+/ I{thyz.
0 0

Let (pi, v') € argmin,, )eD, ket — (B k%e? — 0,) (7). Then, the principal’s utility is

. 1 1 (nYetertul)?

sup inf Eer” v | Cexp —~F S+ Jo e o) at
A A pP P 1 nYiter+pul 4y

e, v ’ 0 vp P)Q t

st. dYy=vldW;, YyeR,

where W, is a P°-universal standard BM. (See the Appendix.) Define the principal’s ex-

pected remaining utility at time ¢ as follows.

J(e, 0, u" vt Yy)
Yo —Wo

Y s f 2
. + [ e % — el tres(nYstes) |
= Iy exp P t +H€sﬂs (’72/1 /<;262 95) (V;LX)Z - QS(I/P)Z

1 o
+ J; {l—nes—i%}yfdws

P

S

The principal optimal choice of (e, 8; u*, v") becomes a dynamic programming problem

under a Markovian environment. Let

V; :=ess sup mf J(e, 6 ,uP Py , Y1)
eGM wP

st (i, ) €arg min ke il — <EH26? Gt) ()2
(a,0)€Dy 2

Then, one can utilize the Hamilton-Jacobi-Bellman-Isaac (HJBI) equation, P°-quasi surely,

in order to find V4, which is the well-known HJB equation with the Isaac condition for a
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saddle point.!?

Define

1—t 0
T(v) = {1+ (1+ Ry)yprrt} 4 eXp("(Q Dy (19)
OéRt Vt

where Ry := 1+ (v + vp)kr2. The function Y arises as the agent faces a tradeoff between

the mean and volatility of the ambiguity uncertainties, while choosing his worst prior.

Proposition 2 Suppose that 1° > v > 0, and that Y(7) > 0, Y(v) < 0: i.e., v and U are
sufficiently small and large, respectively, enough to ensure an interior optimum in v. Then,

the common worst prior (u§,vy) at optimum is a unique solution to the following equations,

C « (&
e = 5(% - V0)2§ (20)
Y(vi) =0. (21)
Moreover, the value function Vy; is given by V(t,Y;) = —ePCYite(t)) po_g.s. where
C(t)y=e""t —1=2F (22)
_ o 14+ myp(ve)? (1 - K’VA(VC)2)
) =Yy — W +/ en1=9) ¢ 4 2n(1=9) > > 2| ds 23
pD=Yom Mot | d 21+ k(e + 1) () )
The sharing sensitivities (B, 0¢) of the optimal contract are:
L+ype(v6)® o
= e y 24
= T G e 2y
1
_ n(1-t) _ _ (en(1-t) _
O = Sen(1=0) B (e Bt) [’YAﬁt (6 ﬁt) 'YP} - (25)

Remark: Equations (20) and (21) imply that the common worst prior depends on time t,

but not on state Y;.

YNote that V; is called ‘the lower value function’ in the literature on two-person zero-sum games. However,
because of our saddle point assumption, its HJB becomes the same as the HJBI which assumes the lower
and upper value functions to be equalized. See Pham and Zhang (2014) for the justification of the HJBI
equation with controlled volatilities. Our HJBI equation is of the same form as that of the HJB in Schattler
and Sung (1993,1995), except that, roughly speaking, volatilities are treated as controllable in this paper,
but not controllable in that paper. Mastrolia and Possamai (2015) also use a similar HJBI to ours with
n=0and u = 0.
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Note that if = 0, then we have a joint-ambiguity version of the Holmstrom-Milgrom
stationary case: (20), (21), (24) and (25) imply that the common prior (u§,vf) and (5, 6;)
are constant over time, and thus the optimal contract is linear in Y7 and (Y7). Intuitively
and not surprisingly, the linearity of the optimal contract is due to the stationarity of
the principal’s problem resulting from the time-state independence of (cz, f3, o¢, D¢(Y)).2°
Because of this stationarity, the volatility of the principal’s CEQ process turns out to be
zero, i.e., ZI' = 0 over time, which is consistent with Corollary A.1. See Chen and Sung

(2018) for more economic implications.

Finally, straightforward computations produce the following comparative statics.
Corollary 2 (Comparative statics.)

i. Both the commonly perceived mean and volatility increase with the returns-to-scale pa-

rameter 1, the degree of ambiguity 1/c, and the agent’s ability 1/k. That is, %—’f, %—Ig >

ou§ Ovg Ouy Ovf
0, and 35 Jar > e < 0-
ii. The outcome-sharing sensitivity increases with the agent’s ability, but decreases with

the degree of ambiguity: i.e., % < 0, and % > 0. Moreover, if the principal is
risk neutral, i.e., yp = 0, then the sensitivity also increases with the returns-to-scale
9Bt

parameter: i.e., o > 0.

Note that both n and 1/k are production-efficiency parameters. Intuitively, the agent’s
high ability in production motivates the principal to provide more incentives to the agent
with a high outcome-sharing sensitivity: % < 0. The same conclusion holds with respect
to n, if the principal is risk neutral: i.e., %—% > 0. If the principal is highly risk averse,

this inequality can be reversed, because her high risk-risk aversion can cause the common

volatility perception to increase with 7 too fast.

208ee Schittler and Sung (1997) or Hellwig and Schmidt (2002) for the well-known intuition together with
a rigorous discrete-time justification of Holmstrom-Milgrom’s linearity result.
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Also, intuitively, an increase in the degree of ambiguity, 1/, induces both the principal
and agent to perceive more pessimistically about ambiguity uncertainties. As a result, both
parties commonly perceive a higher volatility, i.e., d—f < 0. Thus, we also have: the higher
the degree of ambiguity, the higher the perceived mean, i.e., % < 0. Given the quadratic
ambiguity constraint D, a higher volatility perception leads him to perceive a higher mean
along the boundary of the constraint. Moreover, as the agent become more pessimistic, his
perceived volatility increases, negatively affecting incentives for the agent to work. Thus
we have % > 0.

For %—’;}f > (0 and % < 0, it is somewhat striking that given ambiguity uncertainties, a
marginal increase in production efficiency induces the two contracting parties to perceive a
higher volatility. The reason is that a marginal increase in efficiency marginally increases the

outcome-sharing sensitivity and thus the ambiguity uncertainty exposures to both parties,

leading to greater volatility perceptions.
7 Conclusion

We have examined effects of ambiguity uncertainties about the mean and volatility of the
outcome on optimal contracting. Unlike the existing literature, we distinguish between
ex-post realized and ex-ante perceived volatilities.

In order to investigate our contracting problem under ambiguity, we have extended the
well-known martingale method by allowing volatility controls. Developed for exponential
utility, this method can be easily modified for other utilities such as additively separable
utilities. See, for instance, Schittler and Sung (1993, footnote 11). Although it can be
challenging to obtain general closed-form solutions, we believe that the CARA case in this
paper can serve as a benchmark in conjecturing economics of solutions, if any, to other

general utility cases. See, for instance, Baker and Hall (2004, p775) who use the CARA
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case to infer economics of managerial compensations for managers with constant-relative-
risk-aversion (CRRA) utilities.

Applying the method to the contracting problem, we have shown that the second-
best contract in the presence of the joint ambiguity uncertainties contains two sharing
rules, one for outcome sharing and the other for volatility sharing, and that the realized
compensation is positively associated with the realized volatility. The positive association
can be consistent with frequent executive compensation practices of granting stock options,
as stock option values are sensitive to changes in the realized volatility of the underlying
asset.

However, the first-best contract does not require a volatility-sharing arrangement. Re-
call that the first-best contract is about uncertainty-sharing, whereas the second-best con-
tract is about not only uncertainty-sharing but incentives. In the first best, under the
outcome-sharing rule alone, the outcome ambiguity-uncertainties are already optimally
shared between the two parties. No separate side contract can further improve the outcome-
uncertainty sharing. On the other hand, in the second best, the outcome-sharing rule should
take into consideration effort incentives, as well as uncertainty sharing. For effort incen-
tives, the outcome sharing sensitivity has to be increased beyond that of the first best.
The increase can however upset the balance in uncertainty exposures of the two parties,
inducing differential risk perceptions about ambiguity uncertainties. One can easily see
that differential perceptions, if any, can cause inefficiency in contracting like information
asymmetry problems (without learning) can. We have argued that the inefficiency can be
mitigated by the volatility-sharing side contract, as it induces the symmetrization of their

perceptions.
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A Appendix

A.1 Admissible Probability Measures

Recall that the outcome process Y is the coordinate process. We consider a family of
probability measures, under which the process evolves like It6 processes with different drift
and diffusion rates. It is well known that two probability measures generating different
volatilities/diffusion rates cannot be absolutely continuous with respect to each other. Thus,
needs for singular measure changes arise.

We first construct a class P° of (fully or partially) singular Wiener measures. For this,
we consider sub-sample spaces Q27’s of €2, each of which consists of all sample paths in 2
with equal quadratic variations over all time ¢ € [0, 1], and for each o, we define a Wiener
measure on §2 using §27 as the support of the measure. Then, we expand P° to P by adding
probability measures which are absolutely continuous with respect to each measure in P°.
All probability measures including singular measures are defined on the universal filtration
{.7:}} which is described in Section 2. We shall precisely define 27, P° and P as we proceed.

Let us first recall the QV process,

where 0 < t; < tg < ... < t, =t and At is the mesh size of the partition. If d (Y;) = o2dt,
then oy is the volatility /diffusion rate of Y;.

For the general method to be presented in this Appendix, we redefine U and D as subsets
of R™ and R™, respectively, and & and D as the classes of ﬁp—progressively measurable

processes such that u(e U) : [0,1] x Q — U(C R"), and v(€ D) : [0,1] x @ — D(C R™).

Assumption A.1 The class ¥ consists of diffusion coefficients, o : U x D x [0,1] x Q —
Ry, which are uniformly bounded, ~7}73—p?“ogressively measurable, and strictly positive real-

valued functionals, satisfying the uniform Lipschitz condition: there exists a constant K
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such that for all t € [0,1], (u,v) €U x D, and Y,Y € Q,

o (u(t, V), 0(t, V), 1Y) — o(u(t, V), 0(t, V), 1, V)] < K sup |V, — Vi,
0<s<t

Let Q7 be a subspace of the original sample space ) such that, for each admissible

o(€ X) and each t € (0,1],

07 = {w € V| (wr) = (wy) + /T o2ds, V1 € (t, 1]} . (A.1)

¢
Then, Q7 consists of all sample paths, each of which has a QV density of o2 for all s € (¢, 1],
conditional on w;.2! Note that Q7 and Q¢ are disjoint subsets of €, if o, # o, for all
s € (t,1], and € is a super set of the uncountable union of Qf’s, for o € 3. We write (1
as 27 for brevity.

In what follows, we let o(t,Y) = o(u(t,Y),v(t,Y),t,Y), again for brevity. Then,
o%(t,Y) is the QV density of the coordinate process Y;(w)(= wy), i.e., (V;) = fg %(s,Y)ds.
For o € 3, we define process W¢ as follows:

W :/0 Sy (A.2)

Note that the QV density of W7 (w) is always equal to one for all w € 27. Then one can

construct a Wiener measure P° under which W) becomes a standard BM, as follows.

Lemma A.1 For each o € X, there exists a probability measure P° under which W{ is a

standard BM, and Y; is a martingale with its QV density being o2, P°-a.s..

Proof: Let P! be the classical Wiener measure on € such that P1(2!) = 1 and that the
coordinate process Y; becomes a standard BM under (P!, F, ). Choose o € . Then, there
exists P? on {2 such that P7(Q7) = 1, and fg aiSdYs is a standard BM under (P, F,Q).

The reason is that for each w! € Q! one can find w® € Q7 such that wf = fg osdw} for

21This view is also consistent with STZ (2011a, Section 8).
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all t. The converse is true as well. That is, given {ws : 0 < s < t}, Qf and Qf are in
one-to-one correspondence for each ¢ € [0,1]. In fact, Qf = {w € Q|w, = [/ C%de;‘, VT €
(t,1], w” € Q7}, and Qf = {w” € Q|w? = [] osdw}, V7 € (t,1], Vw' € Q}}. For all
A€ F, set P7(A%) = P(A), where A7 = {w" |wf = fot osdws, YVt € [0,1], w € A}. Then,
P? defined on Q with P?(Q2?) = 1 becomes the Wiener measure under which the process

We (= fg J—ldes) is a standard BM. Thus, the law of ({Y;}, P!,Q) is identical to that of

({W¢}, P?,Q), except for their null sets. O

Remark If o, # o/, for all s € (t,1], then conditional probability measures P and P? are
mutually singular, because 27 and Qg’/ are disjoint subsets of the original conditional
state space €, and P?(Q¢') = P (Q7) = 0. For example, if o, = 1 and o/, = 2, for

all s € [0,1], then P and P? are mutually singular for all ¢ € [0,1]. O

Thus, € is the support of the Wiener measure P?, under which W¢ is a standard BM
on (). Note that W/ is defined on the whole €2, not just on °. The same is true for
all other stochastic processes and random variables in this paper. Let P° be a class of
singular Wiener measures such that P° := {P?;0 € 3X}. Then {W?, P? € P°} is a family
of standard BM’s.

In fact, one can construct a P°-universal standard BM. Let o7 (w)dt = d(Y;(w)), Vw € Q,

i.e., 07(w) is the QV density of w. Also let, for s > 0, s,t € [0, 1],

t
W, ._/O )

Then W; is a P°-standard BM, i.e., Wy = W7 a.s., under each P° € P°. In particular, W,
shares identical sample paths with W7 on Q7 i.e., Wi(w) = Wf(w), and 64(w) = o(¢,Y) on
Q7. Hence, W, is a P%-universal standard BM, or a P°-aggregator of the family {W?, P? €

P}
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Next, we expand P° to P by adding a collection of probability measures that are
absolutely continuous with respect to each P? € P°. For this, we introduce another class

P of ﬁpo—progressively measurable functionals.

Assumption A.2 The class @ is the collection of functionals, f: U x D x[0,1] xQ — R,
with the following properties: for each (u,v) € U x D and o(u,v,t,Y) € X, f(u,v,t,Y) is
FP° -progressively measurable, g%ds < 0o path by path for allt € [0,1], and there

exists a constant K such that

f(u7v7t7 Y)
Jw,otY) |
o(u,v,t,Y) = KA1+ 0ok, Y| V(u,v,t,Y)

Let

o fust 1 [t f2(u,v,8Y)
9o = Ws——- | —5—""~ds). A.
exp( (u,v, s, Y 2 Jo o%(u,v,s,Y) s (A.3)

Then, this is a P?-exponential martingale for o € 3. We define a new probability measure
Pl by dpof = ﬁ(f’f dP° on Fi. That is, P%/ is absolutely continuous with respect to P?.

If f =0, then P?f = P? € P°. In general, by the Girsanov theorem,

¢
Eds

0 Os

f e, -

is a standard BM under P/ for each (o, f) € ¥ x ®. Since dY;(w) = 0¢(w)dW; under P°,

and o4(w) = oy under P? € P°, we have, under each P7,

dY;g == O't(W)th = O'tth (A4)

Then, Assumption (A.1) implies that there exists a unique strong solution to this stochastic
differential equation (A.4).22 (See Elliott (1982, Theorem 14.6)). Moreover, there is a
unique P°-quasi surely aggregated strong solution. See STZ (2011a) and Nutz (2012), for

the aggregation result.

22The classical Peng’s G-Brownian Motion can be interpreted as the coordinate process Y of Q under a
subfamily of P°.
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Using (A.4), we expand P to the family P of admissible probability measures on 2 as

follows:

P = {P”’f |dP?f =977 dP?, f € @, P7 € 73”} : (A-5)

For brevity, we let

pof = Pcr(u,v,.),f(u,v,.) — puv.

There can be multiple (u,v)’s corresponding to P/ such that o(u,v,.) = o(u’,?’,.) and
f(u,v,.) = f(u/,v',.). Then, we simply have P“? = P*-*' without affecting our results.

Under P"“" € P, we rewrite the dynamics of process Y in (A.4) as follows:

dY; = f(u,v,t,Y)dt + o(u,v,t,Y)dB;"". (A.6)

The general method in this Appendix is based on the outcome dynamics in (A.6). For
our agency problem in the text, however, we consider a special case under the following
simplifying assumptions: n =1, m = 2, u = e, v = (u,v) and o is independent of (e, u).

Then we can write the dynamics of the outcome as in (1), and P%? = P&V = pe(uv),
A.2 The mean-volatility control problem

In this section, we extend the martingale method of Schéttler and Sung (1993), by allowing
the agent to control both the mean and volatility of the outcome process. We derive a
Hamiltonian for our general mean-volatility control problem in weak formulation.

Given the family P of singular and absolutely continuous probability measures as defined
in (A.5), we work on a general mean-volatility control problem of which our agency problem
is a special case. We assume the classes Y and D of admissible control and ambiguity
parameter processes {(u,v)} are constrained by the time-state dependent compact and
convex sets Up(Y)(C U) and D¢ (Y)(C D) with nonempty interiors for each ¢, such that

ug € Up(Y) and v € Dy(Y). Moreover, we let U} and D}, respectively, be the sets of
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admissible u’s and v’s restricted by U;(Y) and Dy(Y') for time period [t,1]. Then, U = U3

and D = D{§. We consider the following general problem:

1 1 1
325527f3 B [—eXp{—v <£(Y)+/O g(-)d8+/0 Q(-)d<Ys>+/0 h(-)dYs) H (A7)
st. dY; = f(u,v,t,Y)dt + o(u,v,t,Y)dB;"",

where B}"" (= W, — [} g—zds) is the standard BM under P%“Y. We assume v > 0 to derive
all results of this section, and interpret the limit as the risk-neutral agent case.? Let g, g,
h, f, and o be real-valued functionals such that

9:q,h, f:UxDx[0,1] x Q= R,

0:UxDx[0,1] xQ—Ry.

The general problem (A.7) covers our principal’s and agent’s problems as special cases.

Let

. AdP®"Y 1 f 1 1 f2
N =—F—= —=dY; — = —ds | . A8
1 dPu-v exp </0\ 0-2 t 2 /0 0.2 S) ( )

s

Then, the problem can be equivalently written as

1
sup inf ~ E%Y [— exp {—yf(Y) — /0 Gds — /01 FSdYS}] (A.9)

ueU veED

st. dY, =o(u,v,t,Y)dW,

where
R 12
2 [
Ge=79() +74()o" + 575,
/
Iy =~h() — =.
t v () o2

Hence, the original general problem is transformed into a pure volatility control problem.

By the construction of P° and P, P*¥ € P if and only if P%“? € P where dP"" = VrdPuv,

ZThat is, all results in this paper with v = 0 hold for the risk-neutral case, which can be shown by
repeating basically the same reasonings as presented in this section.
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Let
1 1
odt(u,v,Y) ;= —exp {—vﬁ(Y) - / G(u,v,s,Y)ds —/ F(u,v,s,Y)dYs} ) (A.10)
t t

We define the CEQ wealth Q and value functions (V,V) as follows:

uv _l _ pu,v
O} = = tn (=B w0, Y)]) (A.11)
Vi(u,v"(u)) = ess inf —exp (—9;""), (A.12)
veD;
Vi = ess sup Vi(u,v*(u)). (A.13)
ueU}

Let H° be the Hamiltonian given as follows: for (us, vy, p,t,Y) € U(Y) x Dy(Y) X R X

[0,1] x Q,

Ho(ut,’l)t,p,t,Y) = pK(utvvtvta Y) + G(uta Ut, tv Y) - % (pU(ut, Ut, tay))Q ) (A14)

where
G:=g+hf+ [q—%hﬂ o2,

K := f —yho?.

Assumption A.3 For each (p,t,Y), there exists a saddle point (uy,vi) € Uy(Y) x Dy(Y)

such that, for all uy € Uy(Y') and vy € D(Y'),
Ho(utvv?’p)tay) < HO(UIaU:7p7t7Y) < HO(’UJ:,’Ut,p,t,Y),
and that (u*,v*) e U x D.

We note that the existence of saddle-point value functions in general is a challenging mathe-
matical issue, particularly for diffusion control problems. See for example Pham and Zhang
(2014). In this paper, we just content ourselves with providing closed-form solutions to
some specific cases as in Proposition 2, without looking into general conditions for the
existence.

In the following lemma, we characterize the value function process V; and thus the

optimal CEQ process Qf (= Q¥ ").
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Lemma A.2 Let ¢p(u,v,Y) € IL};, and also let Assumptions A.1, through A.3 hold. Then,
there exist a unique P°-q.s. square integrable process Z; and a saddle point process (u*,v*)

such that
(uj,vy) € arg max min H’(u,v,Z;,t,Y), (A.15)

weU(Y)veD(Y)

dQ; = —H"(uj, v, Z; £.Y)dt + 3 (Z))* (d(Y)) = (o7)%dt) + Z}dYs,  Qf = €(Y), (A.16)
and Vi = —exp (—yQj) = esssup, g inf,cp1 [—exp (—9;"")].
Remark: Under P*"V" dQf = —HO(u}, v}, Zf,t,Y)dt + ZFdY;, QFf =¢£(Y).
Proof: For admissible (u,v) and (u/,v), let

1 1
(P;/,,v(uljvl) = Eul’vl |:— eXp{—’Yf(Y) _/0 Cl(u,v,s,Y)ds _A ]:‘(u,@’&Y)dY;} ’]:t:| .

Note that ¢""(«/,v') is a martingale under P*?" and {o!"’(u/v') | (v/,v') € U x D} is a
family of martingales under different measures. Then, there exist a unique P°-q.s. F-
progressively measurable aggregating process ¢;"" and a unique P%-q.s. square integrable

process Z;"" such that under each P*"¥'(e P), o’ = ¢ (u/, '), and
1 1 1 R
et = —ew {260 = [ G0 [roang g [Ceezan, aan
0 0 t

is a (.7:" , P¥"")-martingale, where the suppressed arguments are (us,vs,s,Y). (See Nutz
(2012a) or STZ (2011) for the aggregation.) That is, ¢;”" is a P°-q.s. martingale with the

following dynamics:

doi™" = =y} Z{" dY;, PO-q.s. (A.18)

On the other hand, let us define a process Q;"", P°-q.s. through the following equation:

t t
0" = —exp {—’yQ?’U —/ G(.)ds —/ I‘(.)dY;} .
0 0
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(Note that Q;"" is well defined under all P € P, and that it is the CEQ wealth process

under P"".) Then, the It6 formula implies, P%-q.s.,

u,v u,v u,v A 1 u,v u,v t
dpV = o {—’det’ —G(.)dt—F(.)dYt}—l—Egot’ d<'yQt7 +/0 Pdes>. (A.19)

Equating (A.18) and (A.19), we have, P°-q.s.,
HAQE = Gt + (2P ) + (v2 ~TO) ¥, O =€),
Let vZ"" := ~Z"" —T(.). Then
QP = GOt + 5 A+ T AV +9Z00dY, P =€(Y).  (A20)
Now, let v*(u) be the worst parameter process given u such that
vi (u) € argess inf —exp (—yQ(u,v)) -

Consider an admissible (concatenated) pair process (us,vs) with the following structure:

for ¢t,7 € [0, 1],

| (us,vi(u)) for T <s <1,
(u,v) = { (us, vs) fort <s<r.

Let QF(u) = Qﬁ’v*(u), and
JBY = —exp {—nyi(u) —/ G(ug, vs, .)ds —/ [(us, vs, )dYS} . (A.21)
t t
If 7 = t, then J;"" = —exp{—7Q;(u)} = Vi(u,v*(u)). For t < s < 7, the dynamic

programming principle implies that 24

E?”Uﬂ”]—exp{—:/ Gw(ﬁhu_l/ Fde@}
t t

« B {— exp{—vQ:(u) —/ST Cru()dw — /STFdewH

> Juv.

24For the dynamic programming principle with controlled diffusions, see, for example, Nutz (2012b, The-
orem 5.2), STZ (2012, Proposition 5.14), Bouchard and Nutz (2012, Theorems 4.2 and 4.6), Nutz and Soner
(2012, Theorem 4.10), and Pham and Zhang (2014, Theorem 4.6, Proposition 7.3). For that with controlled
drifts, see, for instance, Rishel (1970), Davis (1973), Davis and Veraiya (1973, Theorem 3.1), and Davis
(1979).
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That is, J* is a (F, P“")-submartingale on [t,1]. Then the Doob-Meyer decomposition
implies that there exist a unique square integrable process M;"" and a unique increasing

process A’ under P*? such that
.
Ju — /t MBAY, + AR,

where Efv[ftl (M2 ds] < oo.

On the other hand, (A.21) implies, P°-q.s.,
UY . TUV * A Y qup * i
dJo? = J {—deT(u) —G(ydr — erYT} + 2 <7Q7(u) +/ rde;> :
t

and (A.20) implies that under P“v" (") as., the CEQ process with (u,v*(u)) evolves as

follows;
* Ak 1 * * * *
¥dQ; (u) = —Gi(u)dt + B (vZ{ (u) + T} (u))2 (07)2dt + 7 Z; (u)dY. (A.22)

where G (1), Z;(u) and T’} (u) are short for G (ug, v} (u),t,Y), Ztu’v*(u) and I'(ug, vf (u),t,Y),
respectively. Recall that under P“?" () d(Y;) = (oF (u))2dt = (o] (u, v*(u),t,Y))2dt. Also,
recall that (u,v) is the concatenated pair satisfying (us,vs) = (us, vi(u)) for 7 < s < 1.

Then, with the superscript (u,v) on J, suppressed, under ]5“’”,
N 1 A 1
a1, = 7 {Grlu) = § (1230 + T30 (03(0)? — Gluvws) + 5 (02:0) + DR L ar
—Jr (vZ (u) +T;)dY;

=~ {H(ur, v (u), Z (u), 7,Y) — H(ur,vr, ZX(u), 7, YY)} dT — T (vZ}(u) + T'7) dY7,

where H(u, v, Z,t,Y) is as defined in (A.14). However, since J; is a (]:', P“’”)—submartingale,
the uniqueness of the Doob-Meyer decomposition implies —J; (yZZ(u) + ;) = M;"" on
Qo) and Efv[ﬁl (Js (vZ*(u) + T;) 05)? ds] < oo. That is, the stochastic integral is a

(]:", P“’”)—martingale, and for ¢, 7 € [0,1],

—exp (—7Q"") = —exp (—vQj (u)) + E* U VI AH (ug,vs, Z3 (u),s,Y)ds| , (A.23)
t
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where
AH(us,vs, Z3(u),s,Y) := H(us,vi(u), Z:(u),s,Y) — H’(us, vs, Z2(u),s,Y).

Note that Q" in (A.23) is CEQ at time ¢ when arbitrary admissible (u,v) during period
[t,7], and (u,v*(u)) afterwards are to be chosen. Then, since Js < 0, the application of
the optimality principle to (A.23) yields the following inequality: given each u € U, for all

ve D, and s € [0,1],

H(us,vs, Z3(u),s,Y) > H(us,vs(u), Z:(u),s,Y). (A.24)
Next, let u* be such that
uj € argesssup — exp (—yQj (u)),
u

and consider an admissible pair (u,v) with the following structure: for ¢,7 € [0, 1],

(1, v) = (uk,v¥) for T < s <1,
YT (ug,vi () fort<s<r,

where v* denotes v*(u*). Let QFf = Q¥(u*), and
g im —exp {201 = [ Glunui, s [ Tunei)gars}.
t t

Then by using a similar argument to the previous case, one can show that J;"" is a (.7:' , ]5“’”)—

supermartingale on [¢, 1], and that u* satisfies, for all w € Y and s € [0, 1],

H(us,vi(u),Z;,s,Y) < H(us,vi, Z%,s,Y), (A.25)

EREN-R

where Z7F = Z}(u*). The inequalities (A.24) and (A.25) imply that the optima pair (u*, v*)

at each s € [0, 1], satisfies the following inequalities: for all (u,v) € U x D, i.e., P°-q.s.,

H(us,vi(u), Z%,s,Y) < H(ul, v}, Z%,s,Y) < HO(uk,vs, Z2,8,Y).

CRENECR)

In other words, (u},v}) is a saddle point of H°, confirming (A.15). Then (A.22) directly

CREREC

implies (A.16). O
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The following corollary turns out to be convenient to ravel out the principal’s problem

when the decision environment is stationary as in Holmstrom and Milgrom (1987).

Corollary A.1 Suppose that £(Y') = k, where k is a constant, and that Dy, G(.), f, and o
are all state-independent such that w(v,t), G(u,v,t), f(u,v,t), and o(u,v,t). Also suppose
that G is a saddle function with respect to mazrimizing in v and minimizing in v. Let
(Us,0s) € arg maxyey mingep G(u,v,s) for s € [0,1]. Then, (tus,0s) = (ul,v), Zf =0,

t €[0,1], and H®(uf, v}, Z*,t,Y) = G(uf, v}, t,).

Proof: Let

1 1
e QMY — Ag,v [_ exp {—’y <k+/ G(us,vs,s)ds +/ F(us,vs,s)dYs> H .
¢ ¢

Then, we have

1
QR _ fuw [_ exp {—'y <k; +/ (é(us,vs, s) — %F2(us, Vs, )02 (s, Vs, s)) ds) H
t

_ [_ exp {_,Y (k - ' Glueo, s)ds> H ,

dpu,v 1 72 1
= exp (—fy/ [(us, vs, $)dYs — 2/ I (us, vs, )02 (us, vs, )ds) :
t t

where

dpuv

Since (u,?) is a pair of state-independent processes, we have

- 1
t

which implies Q"“" is deterministic. Moreover, since G is a saddle function, given each

(t,Y), for all (u,v), a.s.,

) . 1
—eT9M > Bl [— exp {—fy (k + / G(is, Vs, s)ds> H
t
w,0 ~ D 1 u,v
= @ = B [— exp{—v <k+/ G(ﬂs,@s,s)ds> H > —e7 79",
t

Thus for all (¢,Y) and (u,v), (,) is optimal and —e~ 79" is the value function, V}, i.e.,

(41, 8) = (u*,v*). Since V, is deterministic, Z/" " = 0, t € [0,1], and by (A.15), G = H°. O
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A.3 Proof of Theorem 1

Given an admissible contract S € ¥, suppose that agent arbitrary chooses (e, u, ). Then,

the agent’s expected utility is

U [_ exp {—M <S(Y) - /01 C(et’t’y)d8> H

s.t. dY; = f(et, pe, v, t,Y)dt + o (v, t,Y)dBy".

This quantity can be equivalently rewritten as follows:

1 2 1
Ee,’u |:— exp {_/VA (S(Y) - /0 <C(€t,t,Y) - 2,1/}45_2) dt — ,},114 0 OdeY;> }:|

st. dY; =o(v, t,Y)dWy,

where W; is a P%-universal standard BM, and gﬁ—zz = exp <% fol (J;—zdt — fol %di@) Let

efiev. — B | e S(Y) /1 (ent,Y) — PNa— L [ Ly,
= —expq — - c(e - - .
Pt t p YA 0 ty by 2714 0_2 va Jo 0_2 t

Then ;" (¢/,0') is a Pe/’”/—martingale, and thus there exists a unique Z¢5ev - Moreover
{py"(e',0") | (€/,0v") € Ux D} is a family of martingales under different probability measures.
Then, by Nutz (2012) (or STZ (2011)), there exist unique P°-q.s. Fj-progressively mea-
surable and aggregating, process ;" and square integrable process Zf ¥ such that under

He! v e, e, 5e,v Se,v:e v .
Pev e Pyt =@yt (e, ), and Z;0 = Z;77Y | ass.. In particular, P°-q.s.,

v _ { <S(Y) /1<( yy_ ! f2>d 1t de)}
= —expq — - cles,8,Y)— —= |ds— — | —5dY;
v P 0 274 0? V4 Jo 07
1
t

Hence, we have

At = —y 200" 290 dYy, (A.26)

which is the same as Eq.(A.18), the general case.
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On the other hand, given ¢;", P°-q.s., we define a process Q;", P°-q.s. through the

following equation:

ew t 1 2 1 t
_—exp{ <Qt _/0 (c(e,s,Y)—m(“;)ds—M/ (;ng)}

(Note that Q7" = S(Y), P°-q.s., and that, under P%?, Q" is the CEQ of the agent’s
remaining expected utility at t.) Then, by the It6 formula, P°-q.s.,
f2

e, v e, v e, v 1
dey” = oy {—’yAth’ + 74 (c(e,t,Y) - 2%4(?) dt + / dYt}

1 eV €,v t f
+5¢ d<’7AQt —/0 02dY3>.

This equation, together with Eq.(A.26) implies that the CEQ process dynamics are given
by, P°-q.s.,

2
dQ°" = (c(e,t,Y) - 1f) dt + <1f + 8 ) v + (z ) (dY;) .

274 02 Va 02

Since Q7" = S(Y), P°-qs.,

S(Y)—Ws’u’v—i-/l((etY) ! f2>dt+/1 (1f+267”>dY
0 0 274 02 0 \yao? ! !

Then, by letting

we have (8). O
A.4 Proof of Theorem 2

By Theorem 1, it is without loss of generality for the principal to consider only the subclass

U defined in (9) where each S € VU is given in the following form: P°-q.s.,

1
S = WO + / {C(@t,t, Y) — Btf(et,,ut? Vg, t, Y) + [%53 — '9tj| 0'2(l/t,t,Y)} dt
0

1 1
+ / Bd(Y:) + / BidY;.
0 0
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Recall that even in the first best, the agent is allowed to choose privately his worst prior.
Thus, there can arise the implementability issue about his worst prior choice. (We discuss
this issue in Section 5.1.) Theorem 3 implies that given effort process e;, each implementable
contract S € U has to satisfy the following condition for the agent’s choice of the worst

prior:

(,uf, V@A) € arg min (e pu,v; B, 05t,Y) = Bef + <9t — E,@?) 2. (A.27)
(u,v)ED 2

Thus, the principal’s problem can be rewritten as

su inf E®Y[—e —vp (Y1 — S)},
sup %o [—exp {—vp (Y1 = 5)}]

where v = (u, ") and, P-q.s.,
! VA
Yi—S=Yo— Wy +/ (01092 + Buft = elew,t,Y) = 2 B2(07)?)
0
1 1
—/ 0,4(Y;) +/ (1- B)dvi,
0 0

where A = f(es, i, v, ,t,Y), and off = o(vf,t,Y), with (u?,v4) being subject to
(A.27). Then, by Lemma A.2, there exists a unique P°-q.s. square integrable process Z2¥
A

such that the principal’s optimal solution (e, 0, 5, uf , yf , ,u{‘, v{*) results from optimizing

the following Hamiltonian:

max min HtP = Z?P(f—yp(l—B)&f)—i—(l—ﬁ_)f—c(é,t,Y)
e,3,0 (p,v)eD

_ [9‘+ RLT 5)2} 52— TP (70PV252 4 win gu(i e, B0t Y).
2 2 (ai,p)ED

From this, note that given (e, 3, ), the principal’s worst parameter pair (uf,v}) is deter-

mined independently of the agent’s. Thus, her problem can be rewritten as

fIf = —c(e,t,Y)+ min @p(ﬂp,ﬁp;é,ﬁ,é;t,Y,Z?P)
(af.oP)eD

[l
S8
D4

. A AA. - A ]
4+ min ,v%e, B8,0;1.Y).
A pa(p B )
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where pp is defined in (6). Since both ¢4 and ¢p are continuously differentiable and
since D¢(Y') satisfies the KKT constraint qualification conditions, the FOCs with respect
to (u, v) become necessary conditions for the principal’s and agent’s minimization problems,

and thus one can apply the Envelope Theorem to obtain FOCs with respect to (e, b, 3) as

follows.
orf  of
(1B + Z?P)% + Bt% —c. =0, (A.28)
(= 1) = vaBi(of) +vp(1 = B + 27 (0f)? = 0, (A.29)
(0)? = (of)* =0, (A.30)

where fA = f(es, uit, v, t,Y) and f£ = f(es, ul,vF,t,Y). By FOC (A.30), 0f* = of = o¢
at optimum, where o' = (v (81, 0;),t,Y) = 04(Bs, 04,1, Y) and of = o (vf (B, 0:),t,Y) =
ol (B, 0:,t,Y). Since o is increasing in v by assumption, we have v/ (8, 0;) = v} (B, 0;) =
vf, i.e., volatility perceptions are symmetrized across the two contracting parties, under
their own worst priors.

With volatility perceptions symmetrized at vf, the principal’s decisions on (b, 3) are
affected by v4, vp, and potential perceptional difference (f* — fI) between the two parties.
In order to understand the difference, given vf, note that the principal and agent choose

their perceptions (uf,vf) and (u, vf), respectively as follows:

(/‘Lfayf) € arg min QOP(/‘%V; 6t’ﬁta‘9tvtayvztop)’
(mv)ED

(/‘624’ Vtc) € arg min <)DA(IM’ V;et,ﬁt,gt,t,Y)-
(mv)ED

That is, given (53;,6;) and the state variable Z*,
pl €arg min (1— B + Z00)f(e, pu, V5, t,Y),
neD(vy)
it € arg min  Byf(e, p, vi, 1, Y),
neD(vy)
where D(vf) := {u € Rlm(uvi,t,Y) > 0}. Let fi* = flew i, vf,,t,Y) and ff =

fles, uf,vg,,t,Y). Then, since fu > 0, one can see that if 1 — 5; + ZP > 0, then uf’ =
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minp ey p(vy), and if 1 — B¢ + ZP < 0, then uf = maxp(,e) 4(vf); and if B > 0, then
pit = minpe) p(vf), and if B <0, then pit = maxp ey W(vy).
Since v4,vp > 0 and they are not simultaneously zero, we must have 0 < 8; < 14 Z9F,

because of the following reasons.
o If B <0 and 1 + Z) < B, condition (A.28) is contradicted.

o If 3y < 0and 1+ Z°7 > B, then pf = min u(vf). Thus fA — fF > 0 contradicting

FOC (A.29), because v4 and p are not simultaneously zero.

o If By > 0 and 1+ Z < By, then pf* = min u(vf). Thus fA — fF < 0 contradicting

FOC (A.29), again because 74 and yp are not simultaneously zero.
e If0 < B <1+ 227 then pf = puf = min pu(v.).

e If 3 =0, then by (A.28), (1 + Z)P)fF = c. and thus (1 + Z?7) > 0, and uf =
min x(v..), which implies f4 — f¥ > 0, contradicting FOC (A.29), if yp > 0. Thus,

in this case, we must have yp = 0, y4 > 0, and fA = fF, or p* = puf’ = min p(v.).

o If 3 =1+22F then B > 0 by (A.28), and puf* = min pu(v.), which implies f4— f7 <0,
contradicting FOC (A.29), if y4 > 0. Thus, in this case, we must have v4 = 0, yp > 0,

and f* = f7, or pit = pf = min p(ve).

Therefore, 0 < 8 < 1+ Z?F and the worst priors are symmetrized with u{f‘ = uf =
min p(v,). Moreover, under the symmetrized prior, since y4 +vp > 0 and f. > 0, the
FOCs imply

Ce

= P L. (A.31)

1 +Z0P I
! (YA +p) fe

>O) IBt:

These equations imply that if v4,yp > 0, then 1 — 3; + Z?¥ > 0 at optimum.
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Let (pf,vf) and (uf,v]) be symmetrized at (u§, v¢). That is,

(4", v{') € arg min 4, and

(u,v)eD
PP :
V) € .
(i vi ) € arg [oin op
Also let
Bpt = ’Y?P(l — Bt + Z?P)Q —|— Ht, (A32)
B = %“‘53 — 0, (A.33)

Then, the FOCs for these two problems with respect to (u,v) are as follows: there are

Largrange multipliers Aps, Aa¢ > 0 such that

— (L= B+ Z") fu+ Apemyu = 0, (A.34)
(1= Bt )y + 2B o gy, =0, (A.35)
Apgm =0, w>0, (A.36)
— Befu + Aagmy =0, (A.37)
= Befv + 2Bmﬂ%% + Aarm, = 0, (A.38)
Aam =0, w>0. (A.39)

Above FOCs imply 7, # 0, at optimum. To see this, suppose 7, = 0. Then by (A.34),
By = 1+ ZP¥. However, (A.37) implies 3; = 0, contradicting (A.31).

Since 7, # 0, FOCs (A.34) and (A.37) imply (1— 8+ ZP¥)Aar = BiApi. Together with
this relationship, (A.35) and (A.38) imply

8at oP 80'15 _
ﬁtBPtUtE —(1=p6+ 7 )BAtUtE = 0.

Then, since at% > 0 by assumption, we have B;Bp; = (1 — B¢ + ZPF) By, which in turn

implies
B(1 =B+ 2"

0 pu—
K 2(1 + Z0F)

(vaBe = vp(1 = B + Z{")) = 0.
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The last equality holds because of (A.31). Given 6; = 0, and f; satisfying (A.31), the com-
mon worst prior minimizes both ¢4 and ¢ as it solves (10), and the optimal compensation

scheme S is given as stated in the theorem. O
A.5 Proof of Theorem 3

Let us rewrite the agent’s expected remaining utility as follows.

1
ess sup inf Fp* [— exp {—VA </ {—cles,s,Y) — HY (e}, pi, V53 Bs, 05,5, Y) } ds
t

Eeutl (H’vV)G'D%
1 1 HE,V
YA 2] 2 dp;”
63_7 d S d e,v
+/t[ 258}0 5+/t/8f8>}dPt’

)

where

aper 1 -
— L =exp —’YA/ Bs (dYs — fds) — 7‘4/ 20%(vs, 5,Y)ds 5 .
dp;” ¢ 2 /i

Hence, we have

1
esssup inf Ep° [— eXp{—m (/ {HA(es, ps, vs3 ) — HA(el‘,MZ,Vé‘;-)}@) H :
t

et} (nv)ED]
(A.40)

The ‘if’ part. Suppose (e*, u*, v*) is a saddle point of H4: given (8s,6s,s,Y), for all

(es, (s, vs)) € U x Dg(Y),
HA e, i, 5 .) < HY ek, pi,vis.) < HA(el, s, vs; ).

S

Let us define Gles, fis, vs; €%, i, v53.) = HA(eg, sy vsi )~ HA(eh, i2, v ). Then, (¢, 2, v7)

is also a saddle point of G given (Bs,0s,s,Y), and the agent’s remaining utility for all (s,Y)

1
— exp {—'m/ Gles, s, v -)dé‘}
t

1
< e { - [ Gletvigash = 1
t

satisfies

IN

1
—exp{—’yA/ G(e:,,us,ys;.)ds}. (A.41)
t
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The first inequality of (A.41) implies

1 e, v*
. dpe
— exp {_fYA/t\ G(687M:7V:; )ds} dPtew*

1 He,v*

- dP7
—exp —va | G(ek, ul, v, ds} -
p{ v /t (s Mgy Vs ) dPte,v

e, v*
Et

< By — -1

~ e* 7,U*
P

et ur
= Et T oo
aP

1
—exp {—m/ Gley, s v ')dS}
t

For both the above inequality and equality, we have utilized the following facts:

df)te,v
dP;"

Glef,pi,v;.) =0, and Ep° =1, Y(te,v).

Similarly, by the second inequality of (A.41), we have

! dpe v
e* v* Nk ok %, t o
Et _GXP{_’YA/t G(GS’HS,VS,.)dS}W =—1
i ! dPe v
e* v S0k k%, f

=E; _— exp {—’YA/t G(es, ps, Vs .)ds} dPte*’”
-l = dPE
<E" —exp{—wx/ G(6:,MS,I/S;.)(ZS} L

L t ap;>

Note that the first equality holds even when Pf*’v* and Pf*’v are mutually singular, because

G =0 at (e*,u*,v*). Hence, by the principle of optimality, (e*,u*,v*) is an optimal re-

sponse by the agent, and his value function V,(= Vte*’v*), or the optimal expected remaining

utility, is constant over time at —exp (—yaWb).

The ‘only if’ part. Suppose that agent is given a contract S € ¥ with (e*, u*,v*),

and the agent in fact, chooses (e*, u*,v*). Then it must be true that (e*, u*, v*) is a saddle

point of H4. To see this, we apply Lemma A.2. Let u = e, v = (u,v), £Y) = Wy,

gt = C(étatay) _Bf(ébﬁtaljtvtvy) + (’YTABtQ - Ht) Jtz(ljtvt7y) _C(é7t7Y)7 qt = Ota and h = B

Also let

G == Bf + (LB = 01) 07 — cle,t.Y) + Buf (i, 2, V) + (0 = 567 (0,1, Y),

K = f(évﬂb ﬁt7t7y) - fyABto-Q(ﬁtat7 Y)
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Since the contract S induces the agent to optimally choose (e}, 17, v;), the Lemma implies

that there exists a P-q.s. square-integrable process Z;"" such that

ef, i, V) € argmax  min HAe, p,0, 2" 1Y), A.42
(€7, e, V) € argmax L (€ 1,0, 2, ) (A.42)

where for each (Z;"",t,Y),

HA@, 0, Zi, 1Y) = 2K, + G — %A(Zf’”)?a?(ﬁ, £Y)

A oA A A N
= B+ Z1) F(s e, ot Y) + (@ — S (B + 2% 20,1, Y)

+et =B+ (B - @) (01)? - e t,Y).

Lemma A.2 indicates that this condition is necessary and sufficient for the optimality of
(ef,pf,v;). However, (A.40) implies the agent’s utility is constant over time. That is

Z,"" = 0. Then this Hamiltonian coincides with the one stated in the Proposition. O
A.6 Proof of Proposition 1

Consider a non-saddle point process (e, (u1,)) € U x D and a contract S(e, u,v;3,0) € V.
Suppose that the agent accepts this contract, and optimally chooses (e*, u*,v*) with his
initial CEQ wealth equal to Wj. Then, by Theorem 3, (e*, u*,v*) is a saddle point process.
Without loss of generality, we can assume that Wj > W)y, because otherwise, the agent
rejects the contract. Then, by Theorem 1, there exists a pair of unique P°-q.s. square-
integrable processes (3, 6’) such that the contract S(e, i, v; 3,6) can be represented P°-q.s.
in distribution by contract S(e*,u*,v*;3,0) — Wy + W, where S(e*, u*,v*;3,6') € V.
That is, given S(e*, u*,v*;3',0") — Wy + W, the agent chooses the same saddle point
process (e*,pu*,v*), with his initial CEQ wealth equal to W;. However, the no-wealth
effect with exponential utility implies that the agent would also choose the same sad-
dle point process (e*,pu*,v*;3',6'), with his initial CEQ wealth equal to Wy, even if
he were given S(e*, u*,v*;5,6). That is, S(e*,u*,v*;5,0") is implementable. On the

other hand, the principal is indifferent between the two contracts, S(e,u,v;3,6) and
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S(e*, u*,v*; 5,0y = Wo+W;, because they are identically distributed. Hence, she (weakly)
prefers S(e*, p*, v*; 5/, 6) to either of the two contracts, whenever W} > W), and the state-
ment follows. O

A.7 Proof of Theorem 4

The principal’s problem is to choose (e, u4,v4), 6, and (u*,vF) in order to optimize her

expected utility as follows:
supinf " [~ exp {—yp (Y1 — $)}]
e v
st. (1)dY; = f(et,uf,utp,t,Y)dt—i—G(UtP,t,Y)dBZL’UP,

(ZZ) (etmu?? VtA) € arg max An}in Btf(év /la ﬁata Y) - C(éata Y) + |:9t - V?Aﬁtz} 0—2(ﬁat7 Y)v

é (mp)eD
Ce(6t7t7y)
('lZZ) Bt = )
fe(eta M?a VtAa ta Y)
where v = (uf,vF), and

1
Yl -5= _WO - / {C(Bt,t,Y) - Btf(et,,uf,lj{:l,t,Y) + [V?Aﬁg - 9t:| UQ(VtAﬂtvy)} dt
0
1 1
- [ o+ [ a-poay;
0 0

1 1 1
=—W0+/ HA(e,uf,ug“;Bt,Ht,t,Y)dt—/ th<Yt>+/ (1— By)dY;.
0 0 0

The constraint (ii) is for incentive compatibility. Given that [; satisfies (iii) where c¢ is
convex and f is concave in e, the agent’s FOC with respect to é implies that given a
contract with (e, .), the agent always chooses é = e. Thus, given 3 as in (iii), the incentive

compatibility for e is always satisfied, and therefore (ii) can be simplified as follows.
(M?? sz,A) € arg min @A(ea /ja ﬁ7 0157 /8t7 ta Y)
(p.0)eD

Then, by Lemma A.2, there exists a unique P°-q.s. square integrable process ZtP such that

the principal optimizes the following Hamiltonian HtP :
HY = 28 (f = p(1 = 8)(01)?) + G — 222820,
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This Hamiltonian can be rearranged as stated in (13). The constraints (14) and (15) are,

respectively, for incentive compatibility for the agent’s effort and worst prior choices. O
A.8 Proof of Theorem 5

Since both ¢4 and pp are continuously differentiable and since D satisfies the KKT con-
straint qualification conditions, FOCs of the principal’s and agent’s minimization problems
with respect to (u,r) become necessary conditions, and thus one can apply the Envelope

Theorem to the principal’s problem (13) for the following FOCs with respect to e and b:

dpa  Opp .
- ce(et, t, Y) + W + Je = 0, (A43)
(o) = (07)* =0, (A44)

where of = o(vf,1,Y), k = A, P. Note that given of* = o, FOC (A.43), together with

B = ce/fZ, implies

/Be(fA - fP) + (fép + ’YPBeUQ)(l + ZtP) =p (feP + (’YP + ’YA)5602) ) (A-45)

where the subscript e denotes the partial derivative of the corresponding function with
respect to e, and f¥ is short for f(es, uf, vf,t,Y), k = A, P.

We claim that at optimum, the worst priors of the two contracting parties are sym-
metrized, and 0 < 8 < 1+ ZF, where the equality holds only when y4 = 0. Since f is
concave, B, > 0. Since ¢, and f, are strictly positive, we have 8 = ¢./f. > 0, trivially.
FOC (A.44) implies v/* = vf = vf. Let (uf,vf) and (u}, vf) be the optimal perceptions

chosen by the principal and agent, respectively. Then, for all (u,v) € D,

Btf(:u“f7 vatv Y) - BAt(O-f)Q S Bf(/") Vata Y) - BAt02 and

(1—B+th)f(uf,1/tc,t,Y) _BPt(O-tc)2 < (1 —B—i—ZtP)f(/L,l/’t,Y) _BPtO-Q'

where Bp; and By are as defined in (A.32) and (A.33), respectively. At v = vf, o0 = of,
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and for all p,

Be(f (v, t,Y) — fp,vf,8,Y)) <0, (A.46)

(L= B+ Z0)(f(uf vi 1Y) = fp, v, 1Y) < 0. (A.47)

If 8> 14 ZF, then by the two inequalities, f(ui',vf,t,Y) — f(uf,vE,t,Y) < 0. However,

Eq.(A.45) implies
Be(f* = 17+ (fE +pBea®)B > B (5 + (vp +74)Be0?)
Since 3, Be > 0,
Be(f4 = 7)) > 7aBBe(af)? > 0.

Thus, f4 — f > 0, contradiction. That is, we must have 0 < 8 < 1+ ZF.

Thus, if 8 < 1+ ZF, then the two inequalities (A.46) and (A.47) imply that for all p,
Flugt v t,Y) < fu v tY), and f(uf,vf, 1Y) < f(p,vf,t,Y). Thatis, f(uf,vf,t,Y) =
f(ul ve t,Y) = min, f(u,v5,t,Y), ie., uit = pf’. Hence the worst priors are symmetrized.

If B = 1+ ZF, then we always have f(u,vf,t,Y) = min, f(u,vf,t,Y), and thus

fA — fF <0. However, Eq.(A.45) implies
Be(F4 = 17) + (7 +vpBeo®)B = B (£ + (vp +74)Bec?) -

Thus, we have Bo(f4 — fF) = Byafeo?. If y4 > 0, f4 — fF > 0, contradiction. Therefore,
if 3 =1+ ZF, then y4 = 0, but then by the same FOC, f4 = fP. That is, the worst
priors are symmetrized. That is, in all cases with 0 < 3 < 1 + Z/, the worst priors are
symmetrized. Then under the symmetrized worst prior, FOC (A.45) yields (16) which holds
for both cases, y4 > 0 and y4 = 0.

Now, let (uf',v{") and (ul, v}) be symmetrized at (u§, v§). That is,

(46,vf) € arg min g4, and
(wv)ED

$,Vf) € arg min )

(ug, i) g(W/)GD@P
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Then, using the same reasoning as in the last part of the proof of Theorem 2, one can show

that 6, is given by Eq.(17). O
A.9 Proof of Proposition 2

Equipped with the It6 formula in the presence of singular measures, and with the saddle-
point assumption (called the Issacs condition), one can derive the following Hamilton-

Jacobi-Bellman-Issacs (HJBI) equation: P°-q.s.,

ov
0 = — +sup 1nf

av 102V, py
ot e,0 wP P

G {0 kel = itk i) |4 5500

L (Yi+e+pul)? | ko, A
+ —er — rkeg(NY; + ;) — ke
r WPy 5ct — ree(nYe + er) — wepy

2
Y +e +
() ot 7 (1 L
t

+ypV {Qt(’/f)z -

TP

with V(1,Y1) = Yo — Wp. Also suppose that E** [fo ( By (t,Y))2ut2dt} < oo for all
pP%? € P° Then, the well-known verification theorem still holds: that is, if there is a
function V satisfying the HJBI with the square integrability condition, then V' is the value
function, i.e., V =V, and the optimand in the HIBI is the principal’s Hamiltonain, H” .

Let us consider a function V(t,y) = —exp{—vp ({(t)y + p(t))} with (1) = 0 and
p(1) = Yo = Wo. Then, V(1,y) = —exp(—p(Yo — W),

oV ;1% PV _ 5
5 = SV, ET —pC(t)V,  and o2 VP V-

Set ¢ = —(1+ ¢(t))n. Since ¢(1) = 0, we have ((t) = ¢"~%) — 1. Suppose the function V
satisfies the HJBL. Then, V; = V;, and Q; = ((t)Y; + p(t) which in turn implies ((t) = ZF
by (A.16). Moreover, from the HIBI,
0 = p+sup inf [— (C(t) + 1 — key)? 72 (vh)? - (%/gef - 9t> (vh)?
e,0 [z

K
—0u(v])? + G e + rewiit + (1= rec + C(1))(er + Mf)} .
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For some A, A\’ > 0, the FOCs are

rug = pp) + (ryp(vf)? +1) (1+¢(1))

= rer (14 w(yp(])? +74(1)?)) (A.48)
W) =)’ =0, (A.49)
(1— ke + () = A m,e =0, (A.50)
—(C(t) + 1 — ke yprl =200 —Nlm,p =0, (A.51)
Kep — )\fW“A =0, (A.52)
2 (%‘n?e? - et) VA~ A =0, (A.53)
Ml vl =0, w(u,v) >0, (A.54)
M v =0, w(u,v) >0, (A.55)

By using the same procedure as in the proof of Theorem 5, one can show that uf = puf* = pf,
vl = v =vf, and

1
o= s e A O B — =B+ CB)re] (A56)

In fact, this equation also follows from FOCs (A.49) to (A.53). Then from (A.48), we have

(24). Moreover, since m, = 1 and 1, = —a(vf — 1), FOCs (A.52) and (A.53) imply
(%453 — 29t) vi = afi(vy — 1/0).

This equation, together with (A.56) and (24), implies that vf — % > 0, and Y(vf) = 0.
Note that T,

A +®) v

Ry a ()

Ty

Thus, T, < 0. T(0) = oo. Note that T(oc0) < 0 if %# —1 < 0 for all ¢. Then there

is a unique interior solution for vf for all ¢. Since the volatility ambiguity interval is [v, 7]
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where Y (7) > 0 and T(v) < 0, there exists a unique optimal v{ in the interior of [v,7].
Consequently, the common worst prior (u¢, v¢) can depend only on time, but not on state.
On the other hand, the HJBI yields

2

S =)D + 5L [+ (a + p)w()?]

4

p = e”“‘”( n(1—t) _ 5) 1P (ey2 — en(i- t)(% 5

__|na=n% e 0y2 2n(1—t) 1+ H’YP(Vt)2 - ﬁz’YA’YP( 7)
e (vi—v')"+e
2 26 (1 + K(yp +74)(¥f)?)

Thus, we obtain (23), because p(1) = Yy — Wp.

Finally, we use the KKT conditions to check if the unique interior solution is a saddle
point. Assume k+(va—7p)r2(vf)? > 0. It is easy to check the concavity of the Hamiltonian
n (e,0), because HE = —r — yar?(vf)? + vpr2(W])? = —k — (ya4 — vp)R2(1§)? < 0, and
Hpy = Hep = 0. Thus, H is concave in (e,). To check the convexity of the constrained
Hamiltonian in (uf,v7), let £ = HE = AP (uf =S (vf —1°)%): Ly, = —1 Ly, = a(f —1°) >
0, Ly =0, Ly =0, Ly, = —(C(t) + 1 — rer)?yp — 20 + AP > 0. For the last inequality,
we have used (A.51). Thus, the negative of the determinant of the bordered Hessian is

positive, confirming the convexity. O

A.10 Proof of Corollary 2:

Comparative statics: Note that u¢ = §(v°—v 9)2. This implies that d“ > 0. Recall that
the optimal volatility satisfies Y (vf;n, a, k) = 0. From this, we find comparative statics for

(u,v°) wrt (n, o, k). Straightforward computation shows

4 C U(l_t) 0
. )
R} o )
1 — t)yaen1=0
Ty = {1+ (1+ Re)vpr(vf)*} ( m: >0,
oR;
. ,YAen(l—t)
= (1 0 R} e <o
1
n(1—t)
T,=-2 ¢)2 74 0.
ya(v©) R <
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From these inequalities, we immediately have the following comparative statics:

dv T, dv T, dv T,
dn T, > da T, <% dk T, <

Next, for comparative statics with respect to the outcome sensitivity 3, note that

) c _ c\2
8, = %eﬂ(lﬂf) <0, B.= %}%(;t)e”(lt), and f, = pB(1—-1).
¢ t

Hence, we have the following result: for ¢ < 1,

%:Bu%""ﬁn:_

a an B Yy — B Y] > 0,if yp = 0.

1
¥l
This inequality holds because

BTy — By Ly =(1- t)TR‘l [—QH’YAVtC’YAen(lt) {k(va +vP) (V) pr(vf)? — 1}
t

On the other hand,

g, ov

do 51/870[ > 0,

ag  , ov B _E B _i B

% —ﬁua‘i'ﬁn—ﬁy( Tu)—i_ﬁn_ TZ/ [@/Tn BHTV] < 0.

The last inequality hOldS7 because
- (Vc)2 1—t I/O
51,1,1—@{1,,———7%6( )W<O U
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