Affiliation and Entry in First-Price Auctions with Heterogeneous
Bidders*

Tong Lifand Bingyu Zhang!

First Version: November 2008
This Version: February 2010

Abstract

In this paper we study the timber sales auctions in Oregon. We propose an entry and bidding
model within the affiliated private value (APV) framework and with heterogeneous bidders,
and establish existence of the entry equilibrium and existence and uniqueness of the bidding
equilibrium with the joint distribution of private values belonging to the class of Archimedean
copulas. We then estimate the resulting structural model, and find that the hauling distance
plays a significant role in bidders’ entry and bidding decisions. We quantify the extent to which
the potential bidders’ private values and entry costs are affiliated. The structural estimates are
then used to conduct counterfactual analyses to address policy related issues. In particular, we

quantify the effects of reserve price, affiliation, and merger on the end auction outcomes.
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1 Introduction

Auctions have long been used as a means for price determination under a competitive setting
and an incomplete information environment. Auction theory developed within the game-theoretic
framework with incomplete information (Harsanyi (1967/1968)) not only helps us understand how
auctions work, but also offers insight in analyzing many other economic problems. A celebrated
result in auction theory is Vickrey’s (1961) revenue equivalence theorem, which postulates that
all the four auction formats (first-price sealed-bid, second-price sealed bid, English, and Dutch
auctions) generate the same average revenue for the seller with symmetric, independent, and risk-
neutral bidders.

The revenue equivalence theorem is a powerful result that offers insight into how auction mecha-
nisms work, and also raises important questions as to how this powerful result can be affected when
the standard assumptions are relaxed. A large part of auction theory has focused on answering
these questions. Milgrom and Weber (1982) give revenue ranking with symmetric and affiliated
bidders in which the English auction generates highest revenue among the four formats and the
second-price auction ranks next; they also establish that with symmetric, affiliated, and risk-averse
bidders who have constant absolute risk aversion, the English auction can generate at least as high
revenue as the second-price auction. Myerson (1981) derives the optimal auctions with asymmetric
bidders, and Maskin and Riley (1984) consider the case with risk-averse bidders. Levin and Smith
(1994) extend the revenue equivalence and ranking results from Vickrey (1961) and Milgrom and
Weber (1982) to the case with symmetric bidders (independent or affiliated) using mixed entry
strategies.

Using timber sale auctions organized by the Oregon Department of Forestry (ODF), this paper
attempts to address a set of questions that include with heterogeneous bidders and when entry is
taken into account, how the seller’s revenue could change with the extent to which the bidders’
private values are affiliated, and whether the reserve price currently set by the ODF is optimal
with respect to maximizing the seller’s revenue/profit. Moreover, merger and bidder coalition have
been an important issue to economists interested in competition policy, yet no empirical work
has studied this issue taking into account participation from potential bidders. That we consider
heterogeneous bidders is motivated by the evidence from the previous work studying the timber
auctions in Oregon (e.g. Brannman and Froeb (2000) using data consisting of oral auctions, and Li
and Zhang (2008) using the same data used in this paper comprising first-price sealed-bid auctions),
that hauling distance plays an important role in bidders’ bidding (Brannman and Froeb (2000)) and
entry (Li and Zhang (2008)) decisions. This means that bidders are asymmetric and heterogeneous.
Furthermore, Li and Zhang (2008) find a small but strongly significant level of affiliation among
potential bidders’ private information (either private values or entry costs). Lastly, recent empirical
work in auctions in general and in timber auctions in particular (e.g. Athey, Levin and Seira (2004),
Bajari and Hortagsu (2003), Kransnokutskaya and Seim (2006), Li and Zheng (2007, 2009)) has
demonstrated that bidders’ participation and entry decision is an integrated part of the decision

making process that has to be taken into account when studying auctions. In view of these, in this



paper we attempt to study the timber auctions organized by the ODF within a general framework
in which potential bidders are affiliated and heterogeneous, and they make entry decisions before
submitting bids.

Auction theory offers little guidance in answering these questions for auctions with entry and
asymmetric potential bidders with affiliated private values. On the other hand, to gain insight on
these questions from an empirical perspective, one needs to observe two states of world, such as
pre and post the change of the affiliation level, or pre and post merger. Usually in auction data, as
is the case in our data, however, one cannot observe these two states of world. Therefore we adopt
the structural approach in our empirical analysis.

We develop an entry and bidding model for asymmetric bidders within the APV paradigm.
Establishing existence and uniqueness of the entry and bidding equilibria within the APV model
with entry and with heterogeneous bidders is a challenging problem. We extend the results by
Lebrun (1999, 2006) for the IPV case with asymmetric bidders and without entry to our case
and establish the existence and uniqueness of the bidding equilibrium and existence of the entry
equilibrium for a general class of joint (affiliated) distribution of private values. This can be viewed
as a contribution of the paper to the theoretical literature.

Because of the general framework we adopt, the answers to the aforementioned questions of
our interest depend on the interactions of affiliation, entry, and asymmetry, as well as competition.
As is well known, the optimal reserve price in a symmetric independent private value (IPV) model
without entry does not depend on the number of potential bidders. This result can change if entry
is introduced (see, e.g., Levin and Smith (1994), Samuelson (1985), Li and Zheng (2007)), or if
bidders have affiliated private values (Levin and Smith (1996), Li, Perrigne, and Vuong (2003)).
In our case, on the other hand, assessing the optimal reserve price is complicated further by the
APV framework with entry and asymmetric bidders. Therefore we can only address this issue
through a counterfactual analysis using the structural estimates. Furthermore, while the effect
of the number of potential bidders on winning bids and seller’s revenue is clear in an IPV model
with symmetric bidders and without entry, it becomes less clear in a more general setting, such
as the IPV model with entry and symmetric bidders (Li and Zheng (2007, 2009)), and the APV
model without entry (Pinkse and Tan (2005)). In particular, Li and Zheng (2007, 2009) show
that in terms of the relationship between the number of potential bidders and the expected seller’s
revenue, in addition to the usual “competition effect,” there is an opposite effect due to the entry
which they term as the “entry effect.” On the other hand, Pinkse and Tan (2005) postulate that in
a conditionally independent private value model, a special case of the APV paradigm, in addition to
the “competition effect,” there is an opposite effect caused by affiliation they term as the “affiliation
effect.” Zhang (2008) shows that in the APV model with entry and symmetric bidders, these three
effects, namely, the “competition effect,” the “entry effect,” and the “affiliation effect” are at work.
While we expect these three effects to remain in the APV framework with entry and asymmetric
bidders, it becomes challenging to pinpoint them with asymmetric bidders. Since the effect of

merger is closely related to how the seller’s revenue changes with the set of potential bidders, i.e,



not only the number of potential bidders, but also the identity of potential bidders when they
are heterogeneous, and at the same time, theory does not yield good predictions, we rely on the
structural analysis to gain insight on this issue.

We then develop a structural framework to estimate the entry and bidding model we propose.
We use the estimated structural parameters to conduct counterfactual analyses of our interest. We
find that for a representative auction, the optimal reserve price should be much larger than the
current one. In evaluating the merger effects we find that the merger from two non-participating
bidders is likely to promote the entry of the merged bidder. But the merger has little impact on
non-merging bidders’ entry behaviors. While the overall merger effect on the seller’s revenue is not
theoretically clear in our model, we find that at the current reserve prices and dependence levels,
merger is beneficial to the seller, but it could mean a loss for the seller for some values of reserve
price or some dependence levels. The merger from two least competitive bidders is preferred to the
merger from two most competitive bidders to the seller.

Asymmetry is an indispensable element of the model given the asymmetric feature of the data.
The analysis of the model, however, is complicated from both theoretical and econometric view-
points due to the introduction of asymmetry. Because of the complexity of the model, and in
particular, because that there is no closed form solution for the bidding function, we have to rely
on some numerical approximation procedure. Moreover, while the structural analysis of auctions
with asymmetric bidders has focused on the case with two types of bidders (Athey, Levin, and Seira
(2004), Campo, Perrigne and Vuong (2003), and Kransnokutskaya and Seim (2006)), our model
allows for all potential bidders to be different from each other, motivated by the fact that in our
data, asymmetry is driven by the difference among bidders’ hauling distances.

This paper makes contribution to the growing literature of the structural analysis of auction data
since Paarsch (1992).! While the structural approach has been extended to the APV paradigm
by Li, Perrigne and Vuong (2000, 2002), Campo, Perrigne and Vuong (2003), and Hubbard, Li
and Paarsch (2009), this paper is the first one in estimating a structural model within the APV
paradigm and taking into account entry. On the other hand, while the recent work has started
to pay attention to the problem of participation and entry, all the work has focused on the IPV
framework with Bajari and Hortagsu (2003) being an exception as they consider a common value
(CV) model. In contrast, this paper considers the entry problem within the APV paradigm, a more
general framework.

Our empirical analysis of the timber auctions and the resulting findings offer new insight on
timber sale auctions and policy related issues. While most of the empirical analysis of timber sale
auctions is based on the IPV model without entry (e.g. Paarsch (1997), Baldwin, Marshall and
Richard (1997), Haile (2001), Haile and Tamer (2003), Li and Perrigne (2003)) or the IPV model
with entry (Athey, Levin and Seira (2004), Li and Zheng (2007)), ours is based on the APV model

with entry and heterogeneous bidders. As a result, our findings can be more robust, and also can be

! Another strand of the literature is to test implications from game-theoretic auction models poineered by Hendricks
and Porter, e.g., Hendricks and Porter (1988). See Porter (1995) for a survey.



more useful for addressing the policy-related issues as our analysis takes into account the affiliation
effect, the entry effect, and the asymmetry effect. Moreover and probably more interestingly, we
study the merger effect within the asymmetric APV framework with entry, and offer new insight into
how merger as well as other issues related to competition policy can be affected by complications
arising from affiliation, entry, and asymmetry, and how they can be addressed within a unified
framework as adopted in this paper.?

This paper is organized as follows. Section 2 describes the data we analyze in the paper. In
Section 3 we propose the asymmetric APV model with entry. Section 4 is devoted to the structural
analysis of the data, and Section 5 conducts a set of counterfactual analyses studying the effects of

reserve prices, affiliation levels, and mergers. Section 6 concludes.

2 Data

The data we study in this paper are from the timber auctions organized by the ODF between
January 2002 and June 2007. Before an auction is advertised, the ODF “cruises” the selected tract
of timber and obtains information of the tract, such as the composition of the species, the quality
grade of the timber and so on. Based on the information it obtains, the ODF sets its appraised
price for the tract, which serves also as the reserve price. After the “cruise,” a detailed bid notice
is usually released 4-6 weeks prior to the sale date, which provides information about the auction,
including the date and location of the sale, species volume, quality grade of the timber, appraised
price as well as other related information. Potential bidders acquire their own information or private
values through different ways and decide whether and how much to bid. Bids are submitted in
sealed envelopes that are opened at a bid opening session at the ODF district office offering the
sale. The sale is awarded to the bidder with the highest bid. All the sales are therefore first price
sealed bid scale auctions.

The original data contain 415 sales in total. Among them, some sales have more than one
bid species, which are deleted from our sample because of the “skewed bidding” issue discussed in
Athey and Levin (2001). We focus on the sales in which Douglas-fir is the only bid species and
drop the sales with other than Douglas-fir as bid species, because Douglas-fir is a majority species.
Considering the time that our estimation program takes, we focus on the auctions with at most 8
potential bidders. The resulting final sample has 203 sales and 1074 observed bids.

For each sale, we directly observe some sale-specific variables including the location and the
region of the sale, appraised price, appraised volume measured in thousand board feet or MBF,
length of the contract, and diameter at breast height (DBH) as well. Noting that the bid species
is often a combination of a mixture of several grades of quality, we use number 1, 2, ---, up to 18
to denote the letter-grades used by ODF so that the final grade of a sale is the weighted average

of grades with volumes of grades as the weight. In addition to sale-specific variables, as shown in

It is worth noting that to the best of our knowledge, Brannman and Froeb (2000), considering oral timber
auctions within an IPV paradigm without entry, is the only paper assessing the merger effect in auctions using the
structural approach.



Brannman and Froeb (2000) and Li and Zhang (2008), hauling distance is an important bidder-
specific variable that affects bidders’ bidding and entry decisions. However, hauling distance is
not observed directly. We use the hauling distance variable constructed in Li and Zhang (2008)
who transfer the location of a tract into latitude and longitude through the Oregon Latitude and
Longitude Locator? and find the distances between the tract and the mills of firms by using Google
Map.

The key information related to entry is the identities of potential bidders, which are not ob-
served. Unlike some procurement auctions, where information on bidders who have requested bid-
ding proposal is available and can be used as a proxy for potential bidders (Li and Zheng (2009)),
we do not have such information in our case, as is usual for timber sale auctions. Therefore we
follow Athey, Levin, and Seira (2004) and Li and Zheng (2007) to construct potential bidders.
Specifically, we first divide all sales in the original data set into 146 groups each of which contains
all sales held in the same district in the same quarter of the same year. The potential bidders
of a sale are then all bidders who submit at least one bid in the sales of the group that the sale
belongs to. In other words, all auctions in the same group have the same set of potential bidders.
Note that in constructing the potential bidders we use the original data set including all auctions
removed from our final sample. Summary statistics of the data are given in Table 1. Notably, the
entry proportion, which is calculated as the ratio of the number of actual bidders and the number
of potential bidders, is about 0.66 on average, meaning that while there is strong evidence of en-
try pattern from the potential bidders, on average more than half of the potential bidders would

participate in the auction.

3 The Model

In this section we propose a theoretical two-stage model to characterize the timber sales, extending
the models in Athey, Levin, and Seira (2004) and Krasnokutskaya and Seim (2006) with two
groups of bidders within an IPV paradigm to the APV paradigm that allows potential bidders to
be different from each other. Specifically, motivated by the finding of Brannman and Froeb (2000)
that the hauling distance plays a significant role in bidders’ bidding decision in oral timber auctions
in Oregon, and the finding of Li and Zhang (2008) using the same data studied in this paper that the
hauling distance is important in potential bidders’ entry decision and potential bidders are affiliated
through their private information (either private values or entry costs), we consider a first-price
sealed-bid auction within the APV paradigm with a public reserve price, entry, and asymmetric
bidders.

In the model, a single object is auctioned off to N heterogenous and risk-neutral potential
bidders, who are affiliated in their private information. For each auction, a reserve price, r, is
announced prior to the letting. Bidder ¢ has private entry cost k;, including the cost of obtaining

private information and bid preparation, and does not obtain his private value v; until he partici-

3Tt is available at http://salemgis.odf.state.or.us/scripts/esrimap.dll?name=Ilocate&cmd=start



pates in the auction. We allow both private values and entry costs to be affiliated across bidders,
that is Vi,...,Vy and K1, ..., Ky jointly follow a distribution F'(-,...,-) with support [v, E]N, and
a distribution G (+,...,-) with support [E, ﬂ N, respectively. Affiliation is a terminology describing
the positive dependence among random variables, which was first introduced into the study of
auctions by Milgrom and Weber (1982). It is equivalent to the concept called multivariate total
positivity of order 2 (MTP5) in the multivariate statistics literature. Following Milgrom and Weber
(1982), affiliation has the following formal definition.

Definition. Let z and 2’ be any two values of a vector of random variables Z C R™ with a density
f (). It is said that all elements of Z are affiliated if f (2V 2') f(zANZ') > f(2) f(Z), where zV 2/
denotes the component-wise mazimum of z and ', and z ANz’ denotes the component-wise minimum

of z and 2.

Intuitively, affiliation means that large values for some of the components in Z make other
components more likely to be large than small. We also denote the marginal distribution and
density of bidder i’s private value by Fj(-) and f;(-) and marginal distribution and density of bidder
i’s entry cost by G (-) and g; (+), respectively, and assume that f; () is continuously differentiable
and bounded away from zero on [v,7]. The subscript of distribution function implies that all

potential bidders are of different types due to the different hauling distances.

3.1 Bidding Strategy

Because the entry decision is based on the pre-entry expected profit, which depends on the bidding
strategy of bidder ¢, we first describe the bidding strategy of bidder i. We assume that bidder
i knows the number of the actual competitors in the bidding stage,® and thus bidder i’s bidding

strategy is determined by the first order condition of the following maximization problem,
i (vila—;) = max (v; — b;) Pr (B < bi|vi;a_;) ,
where B; denotes the maximum bid among other actual bidders and

a; € A;={(a1,...,an)|a;j=0o0r1l,j=1,...N,j #1i}

is one possibility of the 2V—1

combinations of entry behavior of N — 1 other potential bidders,
where a; = 1 if bidder j participates. Denote the number of actual bidders of the combination a_;
by n,_,. As usual we consider a continuously differentiable and strictly increasing bidding strategy,

b; = s; (v;), therefore the first order condition is

N OFy o, (557 (00) 0 # ilvi) 95 ()
—Fv_ v <3j_1 (bi),j # i!w) + (vi — ) Z ( a0, ) jc‘)bi =0, (1)
i

4When the lower support of private value is below the reserve price, bidder 4 only knows the active bidders who
participate in the auction but not actual bidders who submit bids. In our case, the number of active bidders is equal
to the number of actual bidders, since the lower support of private value is assumed to be just the reserve price.



where Fy, |, denotes the joint distribution of Vj,j # i conditional on V; = v; and si_l (+) is the
inverse function of the bidding function of bidder i. A set of equation (1) with boundary conditions
31-_1 (v) =v fori=1,...,n form a system of differential equations characterizing the equilibrium
bids for all n actual bidders.

3.2 Entry Decision

In the initial participation stage, each potential bidder ¢ only knows his own entry cost, joint
distributions of entry costs and private values. Therefore the entry decision of bidder 7 is determined
by his pre-entry expected profit from participation, II;. Specifically, he participates in the auction
only if his entry cost is less then II;. Let p; denote the entry probability of bidder i, respectively.
The ex ante expected profit II; is given by

= > /vm(vi|aZ—)dFZ-(vi)Pr(aiaizl), (2)
a_;€A_; VY

where Pr (a_;|a; = 1) is a function of p;,7 = 1, ..., N, which can be denoted by Pr (a_;; p1,...,pn|a; =

As a result, the pre-entry expected profit is the sum of 21

products of the post-entry profits and
corresponding probabilities with the unknown private value integrated out. On the other hand, in
equilibrium probabilities of entry are given by p; = Pr (K; < II;) = G; (II;) , for all 1.

Note that although the number of potential bidders does not directly affect the bidding strategy
in the bidding stage, it affects the number and the identities of actual bidders, which in turn have

impact on the bidding strategy.

3.3 Characterization of the Equilibrium

Existence and uniqueness of the Bayesian Nash equilibrium with asymmetric bidders has been a
challenging problem studied in the recent auction theory literature. See, e.g. Lebrun (1999, 2006)
and Maskin and Riley (2000, 2003) within the IPV framework, Lizzeri and Persico (2000) within
the APV framework and two types of bidders. The analysis of our model is further complicated by
the introduction of affiliation and entry, as well as that we allow all potential bidders to be different
from each other. To address the issue of existence and uniqueness in our case, we look at the case
where the joint distribution of bidders’ private values is characterized by the family of Archimedean
copulas. For the copula concept and the characterization of the Archimedean copulas, see Nelsen
(1999). Copula can provide a flexible way of modeling joint dependence of multivariate variables
using the marginal distributions.

Specifically, by Sklar’s theorem (Sklar (1973)), for a joint distribution F'(x1,...,zy), there
is a unique copula C, such that C (Fy (z1),...,Fn (zn)) = F (z1,...,2y) . For the Archimedean
copulas, the copula C can be expressed as C (uy, ..., un) = ¢ (¢ (uy) + -+ + ¢ (un)) , where ¢ is

a generator of the copula and is a decreasing and convex function, and QS[_” denotes the pseudo-



inverse of ¢°. The family of Archimedean copulas include a wide range of copulas. For example, the
generators ¢ (u) = % (u?=1), ¢(u) = (—In(u))?, and ¢ (u) = In (%) correspond to the
widely used Clayton copula, Gumbel copula, and Frank copula, respectively. Since we consider a
differentiable bidding strategy, we have to confine ourself to the strict generator, that is gb[*” =¢ L
Since C; (F1 (z1),..., Fn (zN)) = Fx_,j2, (¥1,...,2N) (e.g. Hubbard, Li and Paarsch (2009)), the

first order condition (1) determining the equilibrium bids can be written as follows

a5 (8 6 (Sy0 (Fi (557 ) s o2
B (a0 (B O)) £ (57 0) 6 (Syo (B (5 8)) | &2 i )b s (b)—b
(3)

Note that with the copula specification for the joint entry cost distribution, the entry prob-

abilities in (2) can be expressed in terms of the joint entry cost distribution. For example,
Pr(a_i;p1,...,pnla; = 1), for the case that given the participation of bidder i, bidder 1 up to
bidder ¢ — 1 participate in the auction while bidder ¢ + 1 up to bidder N do not, can be expressed

as
Pr(al:“'aiflz17ai+1:"‘aN:0|ai:1) (4)
_ Pr(al:"'az’:1>ai+1:“'aN:0)
B Pr(a; =1)
where
Pr(al:"‘ai:Lai—i—l:"'aN:O)
= Cpu- 0L Lag) = Y, C(pr- o0y L 1iqr)
i+1<j<N

A (DN (o1 N an)

and Pr(a; =1)=C(1,...,1,pi, 1,...,1;qx).

Equilibrium of the model consists of two parts, entry equilibrium and bidding equilibrium.
Based on the choice of Archimedean copulas for the joint distribution of private values, the ex-
istence of the equilibrium is guaranteed. Moreover, with some additional conditions, the bidding

equilibrium is unique. The next proposition describes the equilibrium formally.

Proposition (Characterization of Equilibrium). Define lv = max (v, r). Assume (a) the marginal
distribution of entry cost of bidder i, G; is continuous over [@, E] for alli; (b) marginal distribution
of private value of bidder i is differentiable over (lv,v] with a derivative f; locally bounded away

from zero over this interval for all i; (c) joint distribution of private values follows an Archimedean

5 is a decreasing convex function from [0,1] to (0, 00] with ¢ (1) = 0. ¢!~! is defined as



Copula.

i. Bidding Equilibrium In the bidding equilibrium, bidder i adopts a continuously differ-
entiable and strictly increasing bidding function b; = s; (v) over (lv,v]. The inverse functions of
s; for all 4, 31_1, A

conditions (5) and (6) :

are the solution of the system of differential equations (3) with boundary

s;h(w) = v (5)
s;t(n) = v (6)

for some .
ii. Uniqueness of Bidding Equilibrium Moreover, if F; (lv) > 0 and ;f_’f,',((f) is decreasing

in u, then the bidding equilibrium is unique.

111, Entry Equilibrium In the entry equilibrium, bidder i chooses to participate in the auction
if his entry cost is less than the threshold I1; (p) and stay out otherwise, where p = (p1,...pN) and
p; 1s the entry probability of bidder i and is determined by

pi = G (I1; (p)) - (7)

As is seen here, the existence of the entry equilibrium is equivalent to the existence of the entry
probability p;, given by the equation (7). Since II; is continuous in p; and thus G; is continuous
over [0,1], there exists a solution p; of equation (7), according to Kakutani’s fixed point theorem
(Kakutani (1941)). To show the uniqueness of the bidding equilibrium is to show that there is a
unique 7 such that s;° ! (n) = v. Then starting from 7, according to Lipschitz uniqueness theorem,

1

s; = is unique over (v,7n]. Note that a Clayton copula satisfies the condition for uniqueness that

—1r
% is decreasing in u. The formal proofs are provided in Appendix A.

4 The Structural Analysis

We estimate the model proposed in the last section using the timber sales data. Our objective is
to recover the underlying joint distributions of private values and entry costs using observed bids
and the number of actual bidders. The structural inference in our case is complicated because
of the generality of our model that accounts for affiliation, asymmetry, and entry. Our approach
circumvents the complications arising from the estimation of our model and makes the structural
inference tractable. First, to model the affiliation in a flexible way, we adopt the copula approach in
modeling the joint distribution of private values and the joint distribution of entry costs.% Second,
since we allow bidders to be asymmetric, the system of differential equations consisting of equation
(3) that characterizes bidders’ Bayesian Nash equilibrium strategies does not yield closed-form

solutions. To address this problem we adopt a numerical method based on Marshall, Meurer,

SHubbard, Li and Paarsch (2009) use the copula approach to model affiliation within the symmetric APV frame-
work without entry and propose a semiparametric estimation method.



Richard and Stromquist (1994) and Gayle (2004). Third, because of the various covariates we try
to control for and the relatively small size of the data set, the nonparametric method does not work

well here. Therefore, we adopt a fully parametric approach.

4.1 Specifications

We adopt the Clayton copula to model the joint distributions of both private values and entry
costs. With the generator of Clayton copula given above, the joint distribution of private value
is specified as F(v1,...v,) = (3; Fi (v)) " —n+ 1)71/%7 and the joint distribution of entry
costs is specified as G (k1, ..., k,) = (ZZ Gi (ki) ™™ —n+ 1)_1/% , where ¢, and ¢, are dependence

parameters and F; and G; are the marginal distributions of private value and entry cost. The F;

1 1
exp (f Py y) —exp (f Nog v)

is specified as a truncated exponential distribution Fy,, (v|xe;5) = , and
exp (——y) —exp (— E)

Avg;

Avg;
G is also assumed to be exponential but without truncation G, (k|xe;5) = 1—exp (—ﬁk‘) for
123

bidder 7 of the ¢-th auction, £ =1,..., L, where L is the number of auctions, \,,, and A, are the

Vei
parameters in both exponential distribution and equal exp (5xy;) and exp (axy;), respectively, and
Xy; 18 a vector of covariates that are auction specific or bidder specific, and in our case includes
variables such as hauling distance, volume, duration, grade, and DBH.” Auction specific covariates
are used to control heterogeneity of auctions and the hauling distance is used to capture asymmetry
among bidders. The truncated specification of the marginal distribution of private value makes
the numerical method adopted to solve the equilibrium bids possible.® In practice, v is equal
to the reserve price of ¢-th auction minus a small number, that is, v = r; — ¢, v is equal to
$1000/MBF. We set the lower support of private value below the reserve price in order to make
F (r) strictly positive and then guarantee the uniqueness of the bidding equilibrium. We then model
the joint distributions of private values and entry costs in auction £ as Clayton copula with different
dependence parameters ¢, and ¢i. The use of the Clayton copula offers several advantages. First,
it guarantees the existence and uniqueness of the equilibrium as discussed in Section 3.3. Second,
it preserves the same dependence structure when the number of potential bidders changes. Third,
it is relatively easy to draw dependent data from the Clayton copula, as it has a closed form that
can be used to draw data recursively. Lastly, since ¢ is the only parameter that measures the
dependence, we can easily evaluate the impact of the dependence level on the end outcomes of an
auction by changing the value of q.

Note that in these specifications, the asymmetry across potential bidders is captured by the
inclusion of the hauling distance variable in xy;, while both « and [ are kept constant across
different bidders. This enables us to estimate a relatively parsimonious structural model and at the

same time control for the asymmetry.

"Here we do not introduce unobserved auction heterogeneity into the model, as Li and Zhang (2008) show that it
does not have a significant effect in bidders’ entry behaviors.

®Here we need an upper bound for the private value to make the algorithm of finding the equilibrium bids possible.
See Appendix B for the detail of the algorithm.
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4.2 Estimation Method

Because of the complexity of our structural model, we employ the indirect inference method to
estimate the model. Initially proposed in the nonlinear time series context by Smith (1993) and
developed further by Gourieroux, Monfort, and Renault (1993) and Gallant and Tauchen (1996), the
indirect inference method is simulation based and obtains the estimates of parameters by minimizing
a measure of distance between the estimates for the auxiliary parameters of an auxiliary model using
the original data and simulated data. More specifically, let # denote the vector of parameters of
interest, v be the parameters of the auxiliary model, ¥, and ‘?(fr} (0) be the estimates of the auxiliary
model using the original data and the p-th simulated data out of P sets of simulated data from the

model given a specific 0, respectively. Then the estimator of 6, denoted by §5T, is defined as

!/

P
y s N0
Osr = argmin |3y — — ;')’ST )]

1 P
v = A4 <e>] , (8)

where () is a symmetric semi-positive definite matrix. Therefore to implement the indirect infer-
ence method, we have to draw data from the model for a given 6, which involves calculating the
equilibrium bids and the thresholds of the entry costs. Basically we use numerical approximation
method, which is an extension of but in similar spirit to the methods in Marshall, Meurer, Richard
and Stromquist (1994) and Gayle (2004) to find the equilibrium bids, and iteration to find the
equilibrium entry probabilities. The algorithm to find the equilibrium bids is illustrated in detail
in Appendix B.

Specifically, we adopt a two-step indirect inference method. In the first step we apply the
indirect inference method to the observed bids. The assumptions that the entry cost and private
values are independent and that the actual bidders know the number of the actual bidders at the
time of bidding enable us to recover the distribution of private values with only the observed bids.
With the estimated distribution of private values, we apply the indirect inference method again to
the observed entry behavior in the second step and estimate the distribution of entry costs. One
practical issue in the second step estimation is that we need to compute the equilibrium entry
probabilities determined by equation (7) in order to evaluate the objective function in the indirect
inference method. Therefore the second step estimation should include two loops, namely, the inner
loop which is the one solving for the equilibrium entry probabilities, and the outer loop which is
the one solving the optimization problem that is computationally intensive. To address this issue,
we change the order of loops. Specifically, we first estimate the distribution of entry costs using the
indirect inference together with any given entry probabilities.” With the estimated distribution,
we then update the entry probabilities and estimate the distribution again. We repeat these two
steps until the estimates and entry probabilities converge.

The auxiliary model, which is usually simpler than the original model and easier to estimate as

% Actually, the initial entry probabilities we use are determined by a reduced-form probit model, which should be
close to the equilibrium if the observed entry behavior is the result of our game-theoretical model.
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well, plays an important role in the indirect inference method. In this paper, following Li (2005)
we employ a relatively simple and easy-to-estimate auxiliary model to make the implementation
tractable and the inference feasible. Specifically, since we use the number of actual bidders and
bids in the estimation of entry and bidding model, respectively, our auxiliary model includes two
separate regressions: a linear regression of the observed bids and a Poisson regression of the number

of actual bidders, which have the following specifications,

2
be = 70+ Xy + (Xé) Y2+ .o+ (Xé)m’hm + €10,
exp (—\¢)

bV 2
Pr(n,=k) = Tzv A¢ = exp (720 + Xyyo1 + (Xé) Yoo + ...+ (Xé)m%m) ;

where by is the average bid of auction ¢, and X, denote the vector of auction-specific covariates of
auction ¢ and the average of bidder-specific covariates. In practice, Xy is a 6 x 1 vector including
hauling distance, volume, duration of a contract, timber grade, DBH, and the number of potential
bidders, and m is chosen to be 2 which makes our model over-identified.

An issue arising from the implementation of the second step indirect inference method is the
discontinuity of the objective function of equation (8) because of the discrete dependent variable (the
number of actual bidders) in the auxiliary model that makes gradient-based optimization algorithm
invalid. We address this issue by using simplex, a nongradient-based algorithm. Alternatively, one

can follow Keane and Smith (1993) to smooth the objective function using a logistic kernel.

4.3 Estimation Results

Table 2 reports the estimation results. For the (marginal) private value distribution, all the esti-
mated parameters have the expected signs. Of particular interest is the parameter of the hauling
distance variable, which is used to control for heterogeneity across bidders. It has a significantly
negative coeflicient, meaning that bidders are asymmetric and that the longer the hauling distance
is, the less is the private value mean. Furthermore, the average marginal effect of the hauling
distance variable is about -0.512, meaning that one mile increase in the distance would reduce the
private value mean by $0.512/MBF while everything else is fixed. Another parameter of particular
interest is the dependence parameter g, in private values, which turns out to be relatively small
(q» = 0.127) but significant. To get some idea of how large the dependence is with ¢, = 0.127, we
use a measure called Kendall’s 7 (Nelsen (1999)), which lies between [—1, 1] and is used to measure
the concordance of two random variables. Concordance is not really the same concept as affiliation,
but measures the positive dependence in a similar way. Kendall’s 7 is defined as the probability of

concordance minus the probability of discordance:

TX,)Y = Pr [(Xl —XQ) (Yl — Yé) > 0] — PI"[(Xl —XQ) (Yl — Yé) < 0] .

For the Clayton copula with two random variables, 7 = ¢/(q + 2) = 0.060. Therefore ¢, = 0.127

implies that the event of any two bidders’ private values being concordant is about 6.0% more likely
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than the event of being discordant.

Two points regarding the estimates in the distribution of entry costs are worth noting. First, the
hauling distance variable is significant and positive in the entry cost distribution and its marginal
effect is 0.699. Second, the dependence level among the entry costs is 0.534, implying a Kendall’s 7
of 0.21 in the two bidders case, much higher than implied in the distribution of private values. This
indicates that the affiliation among the entry behaviors is mainly driven by the affiliation among

the entry costs.

5 Counterfactual Analyses

With the estimated structural parameters we are now ready to answer the questions put forward in
the introduction section empirically. We focus on both end outcomes, namely, the number of actual
bidders, and winning bids (or seller’s unit revenue). We conduct counterfactual analyses on the
99th auction of our data. We use this auction as a representative auction, as the values of covariates
of this auction are close to the average values of all auctions in our data set. In particular, the
number of potential bidders in this auction is 7, about the same as the average number of potential
bidders in the original data.

The seller’s expected unit revenue is given as follows

E(w) = E(wlw>0)Pr(w>0)+ E(wjw < 0)Pr(w<0)
= FE(wlw>0)Pr(w>0)+vPr(w<0),

where w denotes the winning bid and vg is the valuation of the timber to the seller, and the second
equality follows the assumption that if the timber is not sold successfully then the seller gets his
own value. In the following analyses we assume vg = 0, thus the expected revenue is equivalent to

the expected profit.

5.1 Effects of Reserve Price and Dependence Level

In this subsection, we quantify the effects of reserve price and dependence levels not only in the
cases with asymmetric bidders we study in this paper but also in two hypothetical symmetric cases
where every bidder has the same hauling distance, which is set to be the shortest and longest
distance, respectively and in the independent case, where the dependence parameters are equal to
zero. In each panel of Figures 1, 2, and 3, there are three lines representing both asymmetric and
symmetric cases, where the solid line represents the asymmetric case and dash and dash-dot lines
represent the symmetric cases with the shortest and longest distance, respectively. In Figure 1 the
additional black dot line represents the independent case.

Intuitively the effect of the reserve price can be seen from two aspects. On one hand, a higher
reserve price is associated with a lower ex ante expected profit, i.e., a lower cut-off entry cost

according to equation (2) as it narrows the integration range, and thus fewer participating bidders
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and lower probability of being sold, which may lower bids in our APV model with asymmetric
bidders. On the other hand, a higher reserve price raises the lowest acceptable bids and of course
makes bidders bid higher. Our counterfactuals shown in Figure 1 confirm such trade-off. The solid
lines in three panels in Figure 1 show how the reserve price affects the number of actual bidders, the
probability of being sold, and the seller’s revenue. The number of actual bidders is decreasing in
the reserve price as is shown in the first panel. The average number of participating bidders drops
dramatically from 5.25 to 1.39 when the reserve price is raised from $293.42/MBF to $880/MBF.
The probability of being sold is also negatively related to the reserve price. The change in the
winning bid is the final result of all effects associated with change in the reserve price. As is seen
in the last panel, the optimal reserve price is around $498/MBF, which is about $200 more than
the current reserve price. This implies that when the reserve price is below $498 /MBF the positive
effect on the winning bid outweighs the negative effect associated with the lower probability of
being sold.

The APV model we estimated also enables us to quantify the effects of the dependence level
among bidders. To this end, we change the values of the dependence parameters of both private
values and entry costs while keeping other parameters fixed. We are able to conduct such analysis
as the change of the dependence parameter does not affect the marginal distributions of private
values and entry costs. As in the analysis of the effects of the reserve price, we are interested in the
three effects of the dependence parameters. Results are provided in Figure 2 and Figure 3. As is
seen from the solid lines in two figures, the dependence level has little impact on the probability of
being sold, which is almost 100 percent all the time. In Figure 2, it can be seen that the number of
participating bidders is slightly negatively related to the dependence level of private values. Since
the dependence level of private values does not affect bidders’ entry costs, it must be true that
if bidders become more correlated with each other through their private values, their pre-entry
expected profits become less, which leads to a decrease in the number of participating bidders. As
can be seen from the solid line in Figure 2, the seller’s revenue drops from $512 to $443 as the
dependence level of private values changes from almost zero to 0.36 in terms of Kendall’s 7, and
increases back to $459 when the Kendall’s 7 is raised to 0.64.

The effects of the dependence level of entry costs are different than the dependence level of
private values. The first panel in Figure 3 presents a slightly positive relationship between the
dependence level of entry costs and the number of participating bidders at least for the dependence
levels that are less than 0.32 (kendall’s 7). It is intuitive because compared with the independence
case, the affiliation among the entry costs should lead to similar entry decisions among potential
bidders, which is to participate in the auction in this case. This is also the idea of the affiliation
test in Li and Zhang (2008). Note that the relationship between the dependence level of entry costs
and the revenue has the same pattern as the relationship between the dependence level of entry
costs and the number of participating bidders, which can be seen from the comparison of the first

panel and the last panel of Figure 3, but the magnitudes of both effects are quite small.
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5.1.1 Symmetry v.s. Asymmetry

We also examine the effects in the two symmetric cases. As mentioned previously, in the two
symmetric cases each bidder in one auction is assumed to have the same hauling distance, which
is the shortest and longest distances observed in that auction, respectively. Such setting provides
useful insight on the difference between symmetric and asymmetric scenarios. It is clear that
for both symmetric and asymmetric cases, the interactions between the effects of reserve prices
and dependence levels have almost the same patterns but are different in terms of magnitude.
A noticeable feature is that the symmetric case with the shortest hauling distance leads to more
participation and more revenue to the seller, while the other symmetric case has less participation
and revenue. In particular, as the reserve price changes, the symmetric case with the shortest
hauling distance causes about 1.15 more actual bidders on average compared with the asymmetric
case, which in turn has about 0.96 more actual bidders on average than the symmetric case with the
longest hauling distance. The corresponding average change in the revenue effects are $52.82 and
$89.36, respectively. We observe a similar difference when the dependence levels are changed, as is
shown in Figure 2 and Figure 3. Note such difference cannot solely be attributed to the difference
between symmetry and asymmetry, as in the three cases, the hauling distances are different as well.
Due to the nature of asymmetry in the data, we are not able to compare symmetric and asymmetric
cases by keeping the hauling distance fixed, but two extreme symmetric cases considered here should

provide some ideas on how the asymmetry affects the auction results.

5.1.2 Independence v.s. Affiliation

In the independent case, both dependence parameters are equal to zero. A noticeable feature is
that the number of bidders is less in the independent case represented by the black dot line than
in the affiliated case represented by the blue solid line and the difference is becoming larger as the
reserve price increases. This is consistent with what is observed in Figure 3. As discussed above,
bidders have similar entry decisions with being affiliated among their entry costs. The effects on
the revenue seem similar in both cases, except that the optimal reserve price in the independent
case is $322/MBF. It is interesting to point out that this figure, while far below the optimal reserve
price $498 /MBF we find in the affiliated case, it is indeed very close to the actual reserve price used
in the auction, an indication that affiliation may be ignored among others when the ODF sets the

reserve prices.

5.2 Effect of Bidding Coalition or Merger

Our asymmetric model is ideal for evaluating the merger effects on the end outcomes of auctions,
because asymmetry is intrinsically involved in the merger. The merged bidder will be different from
other bidders even if they are symmetric pre-merger. For the purpose of measuring the effects of
bidding coalition or merger, we conduct two hypothetical mergers, the “best” and “worst” mergers.

In the “best” merger two least competitive bidders are merged, which means that two bidders
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with the longest hauling distances are merged in our case. On the contrary, in the “worst” merger
two bidders with the shortest hauling distances are merged into one entity. On the other hand,
according to the pre-merger entry behavior of the merging bidders, mergers can be divided into
three groups: mergers between two participating bidders, who participated pre-merger, mergers
between two non-participating bidders, who did not participate pre-merger, and mergers between
one participating bidder and one non-participating bidder. It is obvious that most “worst” mergers
belong to the first group while most “best” mergers belong to the second group, because strong
bidders are more likely to participate in the auction than weak bidders do. We therefore focus on
the merger effects of the first group “worst” mergers and the second group “best” mergers. These
two polar cases should shed light on other mergers.

The private value V,,, and the entry cost K,, of the merged bidder are defined as V,,, =
max (V1,V2) and K,, = min (K7, K2), respectively, assuming that bidder 1 and bidder 2 are
merged without loss of generality where m denotes the merged bidder. Therefore the marginal

distributions of private values and entry costs of the merged bidder are defined as F, (v,,) =

C (F1 (vm), Fo (vm) 5 qv) , and G, (k) = C (1 — Gy (kw) , 1 — G2 (k) ; q) in terms of copula, where
C is the survival copula associated with C. In practice we simulate 1000 auctions based on covari-
ates of the representative auction and conduct “best” and “worst” mergers for these 1000 auctions
and compare the pre-merger and post-merger end outcomes.

When it comes to the merge effects on entry, we are not only interested in the merged bidder’s
entry behavior, but also concerned with whether a merger induces non-participating bidders into
the auction or crowds participating bidders out of the auction. The first panels of Figure 4 to
Figure 9 demonstrate the interactions between entry behavior of bidders and the reserve price and
two dependence levels in both “worst” and “best” mergers. The blue solid lines represent the
entry probabilities of the merged bidders. The red dot lines are the probabilities that participating
bidders would stay out of the auction post-merger, and the probabilities of participation of non-
participating bidders are represented by the green dash lines. As is seen from Figure 4, Figure 5,
and Figure 6, in the “worst” mergers the merged bidder would always participate in the auction,
which is not surprising, as two merging bidders participated in the auction pre-merger. In the
“best” mergers, although the two merging bidders did not participate in the auction before the
merger, merger increases the chance of participation of the merged bidder, as the merged bidder
is “stronger” than the two merging bidders. And this chance varies as the reserve price or the
dependence parameters change. Specifically, the entry probability of the merged bidder is 0.5 on
average for different values of reserve price and dependence levels, except that when the reserve
price becomes larger (greater than $580), it decreases gradually, which is due to the fact that high
reserve price leads to low expected profit. On the contrary the effects of both types of mergers on
entry behavior of non-merging bidders are almost negligible. Considering all effects on entry, it is
more likely that the auction loses about one participating bidder in the “worst” merger on average
and gains one participating bidder in the “best” merge with a probability of 0.5.

The changes in the number and identities of participating bidders affect the final bids and thus
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the winning bids through several channels. The first channel is called the “competition effect.” The
increase or decrease in the number of participating bidders makes bidders more or less aggressive.
To the merged bidder in the “worst” merger, the competition between two merging bidders is
removed due to the merger, which causes the merged bidder bid less. Second, the merger may
affect the bids and winning bids through affiliation. Within the APV framework, a bidder would
think that he may overestimate the common factor which affects all bidders’ private values when he
wins the auction. By taking this into account and trying to alleviate this effect, the bidder reduces
his bid. This effect is called the “affiliation effect” in Pinkse and Tan (2005) and can make bidders
bid more as the number of potential bidders decreases. Lastly, the merger yields a stronger bidder
meaning a smaller marginal distribution of private value, through which the merger affects bidders’

“worst”

bids and possibly the winning bids. Intuitively this should lower the winning bid in the
merger and raise the winning bid in the “best” merger, because a stronger winner is undesired
while a stronger competitor is desired in terms of the degree of competition. Note that the first two
channels are essentially effective through the change in the number of participating bidders and the
last one is effective through the change in identities of participating bidders. How merger affects
the seller’s revenue depends on the interactions of these effects. Because of the complexity of the
model we consider, however, analytically we cannot quantify the extent to which each effect impacts
on the seller’s revenue. Therefore we can only rely on the counterfactual analysis to quantify the
overall effect of merger on the seller’s revenue as we do here.

The effects on the revenue are presented in the second panels of Figure 4 to Figure 9. The first
thing we note is that both types of mergers are beneficial to the seller at the current levels of reserve

price and dependence levels. The °

‘worst” merger generates $5.08/MBF more to the seller and the
“best” merger yields $37.87/MBF more. This implies that the “competition effect” might dominate
the other effects in the “best” merger, while the “affiliation effect” might dominate other effects in
the “worst” merger. This is, however, not always the case. At some reserve prices (e.g. $4467$616)
or some dependence levels of private values (e.g. 7 = 0.6), the “worst” merger could be harmful
to the seller, i.e. it lowers the revenue. It is interesting to note that in Figure 4 when the reserve
price is above $700/MBF, the change in revenue climbs up to about $250/MBF as the reserve
price is raised to $880/MBF. The reason is that as the reserve price becomes higher and higher in
the “worst” merger, the probability that bidders enter the auction but do not bid due to the high
reserve price is higher pre-merger than post-merger. As a result, the seller would experience the
dramatic revenue change from zero to a high number which must be greater than the reserve price
with some probability. It implies that if he is aware of the “worst” merger, the seller could obtain
large average benefit from it by raising the reserve price. The effects on the revenue also interact
with dependence levels, which means that as the dependence levels vary, the benefits to the seller
from mergers are different. In most interactions there is no clear relationship, but some points are
still worth noting. In the “worst” merger, shown in Figure 5, the interaction with the dependence
level of private values forms an arch. When Kendall’s 7 reaches 0.25, the seller has the largest gain

which is about $12/MBF. In the “best” merger, the change in the revenue is negatively related to
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the dependence level of private values. Although the interactions are quite different, one common
thing is that the “best” merger always generate more revenue than the “worst” merger does and it
would never mean a loss to the seller.

To summarize, we find the following results regarding the merger effects.

i. The “best” merger promotes entry of the merged bidder.

ii. The merger has little impact on non-merging bidders’ entry behavior.

iii. Both types of mergers are beneficial to the seller at the current levels of reserve price and
dependence levels.

iv. The “best” merger is preferred to the “worst” merger in terms of the change in the seller’s

revenue.

6 Conclusion

In this paper we study how affiliation and entry can affect bidders’ bidding behavior and the seller’s
revenue using the timber sales auction data from the ODF. We develop an entry and bidding model
with heterogeneous bidders within the APV framework, and establish the existence and uniqueness
of the Bayesian-Nash equilibrium. We adopt the structural approach to obtain the estimates for
the structural parameters in the bidders’ private values distribution. We are able to quantify the
extent to which the potential bidders’ private values and entry costs are affiliated, respectively,
and find that the affiliation among bidders’ private information found in Li and Zhang (2008) is
mainly driven by the affiliation among bidders’ entry costs. We then use the structural estimates
to conduct counterfactual analysis to address the policy-related issues. In particular, we quantify
how the seller’s revenue could change with the changes in the reserve price or the dependence level.
Moreover, we quantify the merger effect and evaluate how it changes with the changes in the reserve
price or the dependence level.

Since we allow bidders to be heterogeneous and have affiliated private values, and also take
entry into account, our approach is general and closer to the real timber auction environment. On
the other hand, the analysis of the end auction outcomes and welfare implications is complicated
by the interactions of affiliation, asymmetry, and entry. The structural approach we propose offers
a promising way to disentangle these effects through the counterfactual analysis in addressing

policy-related issues such as the merger effect.
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Appendix A: Proof of Proposition

The proof of Proposition adapts Lebrun (1999, 2006). We first need the following lemma.

Lemma. Consider a continuously differentiable and strictly increasing bidding strategy. Assume
¢~V (u)
¢~ 1" (u) o
of differential equations (3) with boundary condition (6) over (7,m| and (v, n], respectively, then the

s decreasing in w. If 1 > n and 'svz-_l (b) and si_l (b) for all i are two solutions of the system

inverse bidding functions satisfy the following condition: 3; * (b) < s;* (b) for all b in (max (v,75) 7],
where v > v.

Proof. Since we know that s; ' is strictly increasing over (v,7], we have 3; ' (n) < s;' (1) = .

Define ¢ in [max (,7), 7] as follows:
g = inf {b € [max (v,7),7] ‘5[1 (V) < st (v'), for all i and all ¥’ € (b,n] }.

We want to prove that g = max (y,7). According to the definition of g, n > g. Suppose that
g > max (v,7) . By continuity, there exists ¢ such that 5; ' (g9) = s; ' (¢) . From the definition of g,
we also have §;1 (9) < 5]71 (g) for all j. Moreover, there exists j # i such that §;1 (9) < 3;1 (9),
because all the solutions coincide at the point g and therefore coincide in (g, 7] due to the fact that
the right hand side of equation (3) is locally Lipschitz at b = g, which contradicts the fact that at
point 1 3; 1 (n) < s;1 (n).

From equation (3), we know ds; ' (b) /db is a strictly decreasing function of sjfl (b), for all j # 1,

d)_l'(u)
¢71//(u)
6 > 0 such that 3; (b) > s; 1 (b), for all b in (g,g + &) . This contradicts the definition of g. O

since is decreasing in u. Consequently, ds; ! (g) /db > ds; ' (g) /db. Therefore there exists

Proof of Proposition

Proof. First we prove the first part of the proposition by showing that there exist an 7, such that
-1 R
. () =n.

(i) Bidding Equilibrium

Let 4,1 < i < n denote bidders who have the highest bids, denoted by 7/, at the upper bound
of private value ¥ and j,1 < j < n denote bidders who has the second highest bid, denoted by 7,

S

at the upper bound of private value v. So 1’ > 1.
For bidder ¢, we know that

(v—7")Pr(B_i <7n[v) > (v —n)Pr(B_; <n[v).

It is obvious that Pr(B_; < n/|v) =1

Pr(B_; < n[v) =Pr(b; <n,b, <n,k #1,jlv; =v) = Pr (b, < n,k # i, jlv; =), since b; is not
larger than 7.

Pr(B_; <o) =Pr (b <n,b, <n,k #1,jlv; =7).
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Since the joint distribution of private values follows Archimedean copulas, we have

Pr(Bo <) = o7 | Y o (F(sst )+ (F (57 ) +o (B @) | ¢ (7 @)

ki,

and

Pr(B_; <nlv) = ¢V

K (F (st ) + (D) + ¢ (Fi (s; " () | ¢ (1)

If F; (s; ' (n)) < 1, then ¢ (F; (s; ' (n))) > ¢ (1) and Pr(B_; < n[v) > Pr(B_; < n[v) since ¢/ (1) <

0 and ¢~ Y (z) is increasing in z. Therefore
(v —n")Pr(B_; <7'[v) > (v—n)Pr(B_; <nlv)

since Pr(B_; < n/[v) = 1. But this is impossible because the optimal bid of bidder j at © is 7,
therefore we have F; (si_l (n)) =1 and ' =n.

(ii) Uniqueness of Bidding Equilibrium

Suppose that there exist two equilibria and thus two different values n and 7 such that the re-
spective solutions s; * (b) and 3; ! (b) are also solutions of the system of differential equations for all i.
Without loss of generality, we can assume that n < 7). The value of In (Pr (vj < sj_l (b;),7 # z|vz>>

at b; = n is strictly larger than the value of In (Pr (vj < 5;1 (b;),7 # z|vz)) at the same point. We
have shown that 3; * (b) < s; ! (b) for all b in (v,1]. When b converges to v, s; * (v) = v.

On the other hand, the first order condition can be written as follows

dln (Pr (vj <s7'(bi),j# i\%)) 1
db s;t(bi) — b

dIn(Pr(v;<s71(b),j#i|v; dIn(Pr(v;<571(b),j#i|v; .
Therefore (P (UJ<Sc’lb (®).g7ijv:)) < (P (UJ<85b ©)j# sl )) Therefore, the difference between these

two logarithms increases as b decreases towards v. On the other hand, In (Pr (v; < v, j # i|v;)) is
a finite value since Fj (v) > 0. Therefore for two solutions, In (Pr (vj < sj_l (bi),J # z\vz>) cannot
both converge to the same finite value as b decreases towards v. Therefore 1 and 77 coincide and the
equilibrium is unique.

(iii) Entry Equilibrium
K

The entry probability p; is determined by equation (7). Let p = (p1,...,pn) € [0,1]" and

)
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Gp = (GiolIli (p),...,Gpoll, (p)). Since s;(v) and G; is continuous, the pre-entry expected
profit IT; and G; o II; is continuous in p. So G, : [0,1]" — [0,1]" and is continuous in p. A fixed
point of p follows Kakutani’s fixed point theorem (Kakutani (1941)). O

Appendix B: Solving Equilibrium Bids

Equilibrium Bids

Note that with the choice of the Clayton copula, the first order condition given in equation (3) can

be written as follows,

dF; 7 (s (b) n
(1+q)(wi—0)> — <de >——q<ZFk‘q(s;1(b))—n+1>.

j#i k=1

_1
Define F; 1 (si_l (b)) =1; (b), then v; = ;! <li a (b)> , and F.O.C. becomes

e (7 (7 0) <) Tt 0) = (;zk o) —n+1>

J#i

Rewriting all terms in the equation as polynomials

L) = > ai;(b—b,
§=0

) = > (G+Dagnb—b),
=0
L) = Y gij(b—bo),
j=0
_1 > .
F (li ! (b)> = sz',j (b—bo),
=0
_1 > .
E (I m) -0 = Y6y,
=0
Fil(z) = ) dij(—x0),
=0

1 > A
z, T = Z ¢ij (x — o),
=0

where p;o = pio — bo, Pi1 = pi,1 — 1, and p;; = p;; for j > 1.
Computation of p; ;,g; ;: following the lemma in Appendix C in Marshall, Meurer, Richard
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and Stromquist (1994), we have

J

_1
pig = Y digiyg— 2y, pio=F;" <l,- ! (bo)> (10a)
r=1
J—r+1
Oirs = D Gisbir—17-s P00 =1, (10b)
s=1
9i,J = Zci,TSOi,r,Ja (10C)
J—r+1
Oipg = Z @isPir—1,0—s Pi0,0 = L. (10d)
s=1

Computation of q;;: from the FOC, we have

pr (b — o) ZZ (s +1)ajsr1 (b—bo)*

j#i s=0

(1+q) meb oY | Y (s+1) [ D ajer1 | (b—bo)°
s=0

J#i

+q) Z (s+1) Zﬁi,s Z ajsi1—r | (b—bo)”
s=0

r=0 J#

Comparing the coefficients of (b — by)® we have

n
(I+q)(s+1) ZPHZGNH | = —q(Zak7s>,fors>0 (11a)
k=1

r=0 JFi

1+q)pioY a1 = —q (Z ago — 1+ 1) ,fors=0.  (11b)

J#i =

Algorithm:

1

1. djj,c;; for j =1,...,J, can be computed by Taylor expansion. In practice, J = 3.

2. Decide a; 0, pi,0,0i,00,and @; o by the boundary conditions.

3. Calculate p; 1 from equations (10) given a; g, pi,0,0:0,0,and ¢; g ¢-

4. Calculate a;; from equations (11) given p; 1.

5. Repeat step 3 and 4 until a;;,j = 1,...,J are calculated.
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Now since we have found the coefficients of the Taylor expansion of the inverse bidding function
up to the J-th order, we are able to find the equilibrium bid for a given private value for bidder ¢
through the obtained Taylor expansion at a appropriate point. One issue regarding the algorithm
is the boundary conditions. From the Proposition we know that there are two boundary conditions
associated with the equilibrium. Note that it cannot be used here although the boundary condition
at the lower bound of bids is known to us, since it causes the problem of singularity. Therefore we
have to use the condition at the upper bound, which is unfortunately unknown to us. To address
this problem we follow the method described in Marshall, Meurer, Richard and Stromquist (1994)
and Gayle (2004) to find the common 7 first. Roughly speaking, it is to find an n which generates
the best equilibrium bids at point v according to the algorithm described above. For details see
Marshall, Meurer, Richard and Stromquist (1994) and Gayle (2004).
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Table 1: Summary Statistics of Bidder- and Auction-specific Covariates

Observation Mean Std. Dev.

Bid 1074 384.5844  103.7889
# of Potential Bidders 203 5.8276 1.5690
# of Actual Bidders 203 3.6946 1.7250
Entry Proportion 203 .6550 .2826
Appraised Price 203 331.291 94.322
Distance 1183 75.2779 45.6976
Volume 203 3318.468  2674.112
Duration 203 780.010 199.965
Grade 203 10.326 461
DBH 203 16.722 4.812

Table 2: Estimation Results

Private Value distribution | Entry Cost distribution
Coefficient | Std. Error Coefficient | Std. Error
Hauling Distance -0.473 | 0.044 1.261 | 0.231
Volume 0.103 | 0.045 0.071 | 0.079
Duration -0.028 | 0.085 0.030 | 0.122
Grade 1.365 | 0.051 1.208 | 0.482
DBH 0.187 | 0.118 -0.086 | 0.311
Dependence Parameter 0.127 | 0.051 0.534 | 0.116
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Figure 2: Effect of Dependence Level of Private Values
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Figure 6: Interaction between “Worst” Merger and Dependence Level of Entry Costs
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Figure 7: Interaction between “Best” Merger and Reserve Price
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Figure 8: Interaction between “Best” Merger and Dependence Level of Private Values
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Figure 9: Interaction between “Best” Merger and Dependence Level of Entry Costs
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